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■ 0. Introduction 

£-h ' Let G be a connected reductive algebraic group denned over Q and 

|Vj let G(A) be the group of points of G with values in the ring of adeles 

rH ! of Q. Then G(Q) embeds diagonally as a discrete subgroup of G(A). 

Let G(A) 1 be the intersection of the kernels of the maps x \— > \x(x)\, 
x G G(A), where x ranges over the group X(G)q of characters of G 
defined over Q. Then the (noninvariant) trace formula of Arthur is an 
identity 



o 



between distributions on G(A) 1 . The left hand side is the geometric 
side and the right hand side the spectral side of the trace formula. The 
■ distributions J are parametrized by semisimple conjugacy in G(Q) and 

are closely related to weighted orbital integrals on G(A) 1 . 



O 

> 



In this paper we are concerned with the spectral side of the trace for- 
mula. The distribution J x are defined in terms of truncated Eisenstein 
series. They are parametrized by the set of cuspidal data X which con- 
sists of the Weyl group orbits of pairs (Mb, r B ), where M B is the Levi 
component of a standard parabolic subgroup and r B is an irreducible 



o5 ' cuspidal automorphic representation of Ms(A) 1 . In [|A4]| , Arthur has 



derived an explicit formula for the distributions J x which expresses 
them in terms of generalized logarithmic derivatives of intertwining 
operators. So far, the resulting integral-series is only known to con- 
verge conditionally. This suffices, for example, for the comparison of 
trace formulas which, at present, is the main application of the trace 
formula. However, with regard to potential applications of the trace 
formula in spectral theory and geometry it would be highly desirable 
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to know that the spectral side of the trace formula is absolutely con- 
vergent. This would also simplify the applications of the trace formula 
in the theory of automorphic forms ||Lb|| . 

The problem of the absolute convergence of the spectral side of the trace 
formula is the main issue of the present paper. We will not settle the 
problem, but we shall reduce it to a question about local components 
of automorphic representations. 

To describe the results in more detail we have to introduce some no- 
tation. We fix a Levi component Mo of a minimal parabolic subgroup 
Pq of G. Let P be a parabolic subgroup of G, defined over Q, with 
unipotent radical Np. Let Mp be the unique Levi component of P 
which contains M . We denote the split component of the center of 
M P by A P and its Lie algebra by Op. For parabolic groups P C Q 
there is a natural surjective map dp — > o.q whose kernel we will denote 
by a% Let A 2 {P) be the space of square integrable automorphic forms 
on Np(A)Mp(Q)\G(A). Let Q be another parabolic subgroup of G, 
defined over Q, with Levi component Mq, split component Aq and 
corresponding Lie algebra Oq. Let W(ap, Oq) be the set of all linear 
isomorphisms from Op to clq which are restrictions of elements of the 
Weyl group Ty(^4 )- The theory of Eisenstein series associates to each 
s G W(ap, Oq) an intertwining operator 

M QlP (s, A) : A\P) - A 2 (Q), A e a P)C , 

which for Re(A) in a certain chamber, can be defined by an absolutely 
convergent integral and admits an analytic continuation to a meromor- 
phic function of A G a* PC . Set 

M QlP (X) :=Mq\ P (1,X). 

Let Il(Mp(A) 1 ) be the set of equivalence classes of irreducible unitary 
representations of M P (A) 1 . Let x G X and vr G L T (M P (A) 1 ). Then 
(x, 7r) singles out a certain subspace A^ ^P) of A 2 (P) (see §1.6). Let 

A X ^(P) be the Hilbert space completion of A^ ^P) with respect to 
the canonical inner product. For each A G a* PC we have an induced 

2 

representation p x n (P, A) of G(A) in A X1T (P). 

For each Levi subgroup L let V{V) be the set of all parabolic subgroups 
with Levi component L. If P is a parabolic subgroup, let Ap denote 
the set of simple roots of (P,A P ). Let L be a Levi subgroup which 
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contains Mp. Set 
M L {P,X) = 



! M QlP (X + A) 



lim Yl vol(ag i /Z(AV i ))M Q|P (A)- 1 TT 

where A and A are constrained to lie in ia* L , and for each Q\ G V(L), 
Q is a group in V{Mp) which is contained in Q\. Then 97t^(P, A) is 

2 

an unbounded operator which acts on the Hilbert space A xir (P). In 
the special case that L = M and dimaf = 1, the operator WIl(P, X) 
has a simple description. Let P be a parabolic subgroup with Levi 
component M. Let a be the unique simple root of (P,Ap) and let uj 
be the element in (o^)* such that u(a v ) = 1. Let P be the opposite 
parabolic group of P. Then 

m L (P,zu) = -vo\(af I /Za v )Mp lP (zu)- 1 ■ —Mp\ P (zCb). 



Let / G C^°(G(A) 1 ). Then Arthur fAJ, Theorem 8.2] proved that 
J x (f) equals the sum over Levi subgroups M containing M , over L 
containing M, over tc G I1(M(A) 1 ), and over s G W L (CLM)ie&i a certain 
subset of the Weyl group, of the product of 

iWj'HWbl^ldetCa-l)^!- 1 !^!- 1 , 
a factor to which we need not pay too much attention , and of 

(o.i) / J2 tT(m L (p,x)Mp lP (s,o)p X)n (p,xj))dx. 

Jia* L /ia* G nrntus 



PeV(M) 



So far, it is only known that ^2 xe x\^x(f)\ < 00 anc ^ ^he S oa ^ ^ s ^° 
show that the integral-sum obtained by summing (|0.1|) over x G X and 



7r G n(M (A) 1 ) is absolutely convergent with respect to the trace norm. 

Given n G LT(M(A)) with n = ® v ir v , let Jq\p(ti v ,X) be the local 
intertwining operator between the induced representations Ip(^v,x) 
and Iq{ti v \). By ||(JLL| , §15] and |[A7|| there exist normalizing factors 



tq\p{ti Vi A) such that the normalized intertwining operators 

Rq\p{Kv, X) = r Q \p(TC v , A) _1 Jq|p(7T„, A) 



satisfy the conditions of Theorem 2.1 of [|A7 



If v < oo, let K v C G(Q V ) be an open compact subgroup. Denote by 
Rq\p(tt v , X)k v the restriction of Rq\p(ti v , A) to the subspace / Hp(tt v ) Kv 
of ^-invariant vectors in the Hilbert space Tip{n v ) of the induced 
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representation. If v = oo, let C G(M) be a maximal compact 
subgroup. Given n G II(M(R)) and a G II(ii' 00 ), let Rq\p(it, X) a be the 
restriction of Rq\p(tt, A) to the a-isotypical subspace of Tip{jt). Let X n 
and A CT denote the Casimir eigenvalues of 7r and a, respectively. 

For a given place v, let n disc (M(Q v )) be the subset consisting of all 
representations n v G U(M(Q V )) such that there exists an automor- 
phic representation 7r in the discrete spectrum of M(A) whose local 
component at the place v is ir v . Finally, let C 1 (G(A) 1 ) be the space of 
integrable rapidly decreasing functions on G(A) 1 (see §1.3 for its defini- 
tion) . Then our main result is the following theorem, which reduces the 
problem of the absolute convergence of the spectral side of the Arthur 
trace formula to a problem about local components of automorphic 
representations. 

Theorem 0.1. Suppose that for every M G C{Mq), Q,P G V(M) and 
every place v the following holds. 

1) If v < oo, then for every open compact subgroup K v C G(Q V ) and 
every invariant differential operator D\ on ia* M there exists C > such 
that 

(0.2) \\D x Rq\p{tt v ,X) Kv \\<C 
for all A G ia* M and all tc v G n disc (M(Q„)). 

2) If v = oo, then for all invariant differential operators D\ on ia* M 
there exist C > and N G N such that 

(0.3) || D x Rq\p{-k, X) a \\< C(l+ || A || +^1 + lA^I)^ 

for all A G ia* M , a G n(fC 00 ) and it G n disc (M(R)). 

Then for every f G C 1 (G(A) 1 ) ; the spectral side of the trace formula is 
absolutely convergent. 

We add some comments about the assumptions 1) and 2). It follows 
from results of Arthur |A5| , p. 51] and ||A8| , Lemma 2.1] that ( p.2| ) and 
( |0.3| ) hold uniformly for tempered representations ir v . On the other 
hand, to establish ( p.2| ), ( p.3| ) or ( p.4| ) is not a problem of pure local 
harmonic analysis. One can not expect that these estimations will hold 
uniformly for all n v G II(M(Q„)). Let, for example, dima.M/&G = 1 
and suppose that for each e > there exists n v G H(M(Q V )) such 
that the normalized intertwining operator Rp^ p (7i v , A) has a pole Ao 
with | Re(Ao)| < e. Then it is certainly not possible to obtain uniform 
estimates for derivatives of Rp\ P (ii v , X) along the imaginary axis. An 
example where this actually occurs is GL n . 
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Especially the uniformity in a in (p.3|) seems to be difficult to achieve. 
Of course, this condition can be relaxed in various ways. If we relax 
(|0.3| ) by not requesting uniformity in a, we get the following weaker 
version of Theorem XT which suffices for many purposes. Let K = 
Y[ v K v be a maximal compact subgroup of G(A) which is admissible 
relative to Mq (see §1.2). 



Theorem 0.2. Suppose that in Theorem \0.1\ in place of condition 2) 
the following condition holds: 

2') If v = oo, then for all invariant differential operators D\ on ia* M 
and all a G Il^oo) there exist C > and N G N such that 

(0.4) || D x R QlP (ir, A) (j ||< C(l+ || A || +\X % \) N 

for all A G ia* M and ir G n dlsc (M(R)). 

Then for every K -finite f G C 1 (G(A) 1 ) ; the spectral side of the trace 
formula is absolutely convergent. 



At the moment we don't know how to prove any of the conditions 
( |0~3| ) and ( p.4| ) in general. However, for G = GL n , considered as an 
algebraic group over a number field, we are able to prove ( p.2| ) and 
( |0.4| ). The method relies on work of Luo, Rudnick and Sarnak [ |LKS| 
who established nontrivial bounds towards the generalized Ramanujan 
conjecture. For GL„ any local component of a cuspidal automorphic 
representation is equivalent to a full induced representation Ip(r, s) 
where r is tempered and the parameters s = (s\, ...,s r ) satisfy si > 
s 2 > . . . > s r and |sj| < 1/2. If tt v is unramified, it follows from 



Theorem 2 of ||LRS|| that the Sj's satisfy the nontrivial bound 



(0.5) 



1 

<2 



n 2 + 1' 



1 r 



Using the method of [L~R~S|, one can show that ( p.5| ) holds also for 
the ramified components. Furthermore, using the work of Mceglin and 
Waldspurger ||M W[ | on the residual spectrum, one can show that simi- 
lar nontrivial bounds exist for the continuous parameters of any local 
component of an automorphic representation in the discrete spectrum 
of GL m (A). These bounds are the essential ingredients in the proof of 
(|0.2j ) and ( p.4|) in the case of GL n . Details will appear in a forthcoming 



paper with B. Speh |[MS| . 



Now we shall explain the main steps of the proof of Theorem 0.1. First 
observe that Mp\p(s, 0) is unitary. Therefore, in order to estimate the 
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trace norm of (|0.1|), it suffices to estimate the integral 



(0.6) 



fm L (p,\) Px ,„(p,\,f) \\i d\. 



ia* L /ia* a 



To deal with this integral, we introduce a certain normalization of 
intertwining operators. For tt £ IT(M(A)) let A^(P) be the space of 
square integrable automorphic forms of type tt (see §1). Let Mq\p{tt, A) 
denote the restriction of the intertwining operator Mq\p{\) to A^(P). 
Let tt = ®„7r„ and let tq\p{tt v , A) be the normalizing factor for the local 
intertwining operator considered above. Suppose tt = ®tt v occurs in 
the discrete spectrum of M(A), which is equivalent to Al(P) ^ 0, then 
the Euler product 

r Q\p(n,\) = n^r q\p(tt v , A) 



converges absolutely in some chamber and rQ\p{jT, A) admits a mero- 
morphic continuation to a* MC . Using this meromorphic function, we 
introduce the normalized global intertwining operator by 

(0.7) N QlP (iT, A) = r Q{P (n, \Y 1 M q \ p (tt, A). 



By definition, the operator Nq\p(tt, A) is equivalent to the direct sum 
of finitely many copies of ® v Rq\p{tt v , A). 

Let WIl(P, tt, A) be the restriction of DJIl(P, A) to the subspace A^(P). 
It follows from Arthur's theory of (G, M) families fX|, p. 1329] that 

Wl L (P, n,\) = Yl ^ A)!/f (P, vr, A), 

s 



where the sum runs over all parabolic subgroups S containing L, the 
operator ^^(P, 7r, A) is built out of normalized intertwining operators 
on the local groups G(Q V ) and z/f(P, 7r, A) is a scalar valued function 
which is defined in terms of normalizing factors. This reduces the 
estimation of the integral ( p.6|) to two separate problems, one involving 
9T 5 (P, Ti, A) and the other one z/f (P, tt, A). 



First we are dealing with ^f(P, tt, A). By Proposition 7.5 of ||A4|| , 
u'l (P, tt, A) can be expressed in terms of logarithmic derivatives of nor- 
malizing factors associated with maximal parabolic subgroups in cer- 
tain Levi subgroups. Therefore we may assume that dim(ap/ac) = 1. 
Let a be the unique simple root of (P, A). Then there exists a mero- 
morphic function r^ P {TT,z) of one variable such that t^ p {tt, A) = 
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rp\ P (ir, A(a v )), and our problem is to derive estimates, which are uni- 
form with respect to 7r, of integrals of the form 



{0.1 



r i+u 2 r N du 



To deal with this integral, we note that rp^p(ir, z) is a meromorphic 
function of order n = 16 dim G + 2. This follows from ( p.7| ), since 
by Theorem 0.1 of [ Mu3 |, the matrix coefficients of Mq\p(it, A) are 



meromorphic functions of order < n and by Theorem 2.1 of [ |A7|| , the 
normalized local intertwining operators Rq\p(tt v , \) are rational func- 
tions of q v A(a \ if v < oo, and of A(a v ), if v = oo. Thus there exist 
entire functions ri(ir,z), i — 1,2, of order < n such that r-p\ p (ii,z) = 
ri(7r, z)/r 2 (7r, z). Using the representation of r^Tr, z) as a WeierstraB 
product, we reduce the estimation of the integral ( p.8| ) to the the esti- 
mation of the number of poles, counted with their order, of r-p\p(Tc, z) 
in a circle of radius R > 0. By ( p.7|) , this problem is closely related 
to the estimation of the number of poles, counted with their order, of 
matrix coefficients of Mq\p(tt, A) in a circle of radius R > 0. The lat- 
ter problem has been settled in [|Mu3 , Proposition 6.6]. Together with 



Proposition 7.5 of [S3], these estimates imply estimates for the corre- 
sponding integrals involving z/£(P, 7r,A). In this way we get Theorem 
~4| which is our main technical result. 



Next consider 9T' 5 (P, 7r, A). Given an open compact subgroup Kj of 
G(Aj) and a G Il^oo), let A 2 7I (P)k s ,ct be the subspace of Al(P) con- 
sisting of all automorphic forms which are i^j-invariant and transform 
under according to a. Let ^(P, 7r, A)^,^ be the restriction of 
W 5 (P, 7r, A) to the subspace Al(P)K f ,a- Now observe that for any 
h G C 1 (G(A) 1 ) there exists an open compact subgroup Kf of G(Af) 
such that h is left and right invariant under Kf. Then the estima- 
tion of || W 5 (P, 7T, A)p X)7r (P, A, h) ||i can be reduced to the estimation 
of || 9^ (P, 7r, \)k s ,u II where a runs over Il^oo). By Arthur's theory 
of (G, M)-families, the estimation of the norm of the finite rank oper- 
ators 91' 5 (P, 7r, X)K f ,a can be reduced to the estimation of derivatives 
of finitely many normalized local intertwining operators Rq\p(7t v , X)k v , 



v < oo, and Pq|p(vt 00 , A) ct . Combined with Theorem |5[4] this implies 
Theorem p.l| . The proof of Theorem 171 is similar. 



The paper is organized as follows. In §1 we collect some preliminary 
facts. In §2 we discuss briefly normalized local and global intertwining 
operators. The local normalizing factors are studied in some detail in 
§3. We recall the definition of the normalizing factors and we prove 



8 



WERNER MULLER 



some results that we need in the next section. In §4 we investigate 
the poles of the global normalizing factors. This section is mainly 



based on results obtained in Mu3 . In 55 we establish Theorem FT 



which is the main result about generalized logarithmic derivatives of 
global normalizing factors. In §6 we study the absolute convergence of 
the spectral side of the trace formula and we prove our main results, 
Theorem p.l| and Theorem fH2 . In §7 we discuss the example of GL n 



and we sketch a method to prove ([T2]) and (p.4[). 
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1. Preliminaries 
We shall follow partially the notation introduced by Arthur 



1.1. Let G be a reductive algebraic group defined over Q. As in |[A4 | 



KE\, we shall fix a subgroup Mq of G, defined over Q, which is a Levi 



component of some minimal parabolic subgroup of G defined over Q. 
In this paper, a parabolic subgroup will mean a parabolic subgroup of 
G, defined over Q, and a Levi subgroup of G will mean a subgroup 
of G which contains Mq and is the Levi component of some parabolic 
subgroup of G. It is a reductive subgroup of G which is defined over 
Q. If M C L are Levi subgroups, we denote the set of Levi subgroups 
of L which contain M by C L (M). Furthermore, let T L {M) denote 
the set of parabolic subgroups of L defined over Q which contain M, 
and let V L {M) be the set of groups in T L {M) for which M is a Levi 
component. If L = G, we shall denote these sets by £(M), T(M) and 
V(M), respectively. Suppose that P £ JF L (M). Then 

P = NpMp, 

where Np is the unipotent radical of P and Mp is the unique Levi 
component of P which contains M. 

Suppose that M C M 1 C L are Levi subgroups of G. If Q £ V L {M l ) 
and R £ V Ml (M), there is a unique group Q(R) £ V L {M) which is 
contained in Q and whose intersection with Mi is R. 
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Let Ap be the split component of the center of Mp. Ap is defined 
over Q. Let X(M p )q be the group of characters of M P defined over Q. 
Then 

a P = Hom(X(M P ) Q ,M) 

is a real vector space whose dimension equals that of Ap. Its dual space 
is 

a* P = X(M P ) Q ®R. 

We shall often denote A P , ap and a* P by A M , aM and a* M , respectively, 
since they depend only on M. Also, we shall write A = A Mo , a = dM 
and a* = a* Mo . 

Let P G T{M ). We shall denote the roots of (P,A P ) by $ P , the 
reduced roots by E P , and the simple roots by Ap. They are elements 
in X(Ap)q and are canonically embedded in a* P . 

Let P and Q be groups in JF(M ) with P C Q. Then there is a canonical 
surjection ap — > a<g and a canonical injection ap. The kernel of 

the first map will be denoted by ap\ Then ap* is dual to ap/a^. 
The group MqDP is a parabolic subgroup of Mq with unipotent radical 

Np = Np fl M Q . 

Let Ap be the set of simple roots of (MqDP, Ap). Then Ap is a subset 
of Ap. We may identify ag with the subspace 

{H G a P | = 0, a G Ap*}. 

Furthermore, to Ap one can associate a basis {a v | a G Ap} of ap* and 
Ap is defined to be the corresponding dual basis of (ap)* ||A2|| . Then 
Ap and Ap are naturally embedded subsets of Oq. Let 

ap = {H G ap | a(H) > for all a G A P }, 

and 

(a* P ) + = {A G ap | A(« v ) > for all a G A P }. 

We shall denote the restricted Weyl group of (G, A ) by Wq. It acts on 
ao and ag in the usual way. For every s G Wo we shall fix a represen- 
tative w s in the intersection of G(Q) with the normalizer of Aq. w s is 
determined modulo M (Q). If Pi and Pi are parabolic subgroups, let 
W(ap 1 , ap 2 ) denote the set of distinct isomorphisms from ap 1 onto ap 2 
obtained by restricting elements of Wo to ap x . Pi and P2 are said to 
be associated if W^ap^ ap 2 ) is not empty. 
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1.2. We fix an embedding of G into GL n , defined over Q. For a given 
place v of Q, let G(Q V ) be the group of Q„-rational points of G. Let 
A be the ring of adeles of Q and let G(A) be the corresponding adele- 
valued group. If / stands for the set of finite places of Q and Af is the 
corresponding ring of finite adeles, then 

G(A) = G(R) x G(A f ). 

For any prime p, let 



G(Z p ) = GL n (Z p )n^,, ; , 

This is an open compact subgroup of G(Q P ). We shall fix a maximal 
compact subgroup 



K = ]jK v 



of G(A) which is admissible relative to M in the sense of ||A5|| . For 
any such K the following properties hold: 

1) For almost all primes p, one has K p = G(7* p ). 

2) For every finite p, K p is a special maximal compact subgroup. 
This implies that G(Q P ) = P (Q P ) • K p for all P e F{M Q ). 

3) The Lie algebras of and Aq(E.) are orthogonal with respect 
to the Killing form. 

Given P G F{M ) } let 

Mp(A) 1 = f| ker(| X |). 

This is a closed subgroup of Mp(A), and Mp(A) is the direct product 
of Mp(A) 1 and A P (R)°. By the assumptions on K, G(A) = P(A)K. 
Therefore, any x G G(A) can be written as 

(1.1) x = namk, n G N P (A), m G M(A) 1 , a G A P (1R) , k G K. 
Let 

H P : G(A) -> a P 

be the associated height function as defined in ||A2|| . Then H P (x) is the 
image of a G Ap(IR) in the decomposition ( |1 . 1| ) with respect to the 
isomorphism Ap(IR) = ap. 

We shall fix a Euclidean norm || ■ || on ao which is invariant under the 
action of the Weyl group of (G, A ). On each space a® , P C Q, we take 
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as Haar measure the Euclidean measure associated to the restriction of 
|| • || to dp. We then normalize the Haar measures on K, G(A), Np(A), 
M P {A), A P (R)°, Mp(A) 1 , etc. as in E2|. 



1.3. Let H and a be the functions that enter the definition of Harish- 
Chandra's Schwartz space on G(R) |[Wa2| , p. 156] and extend them to 



functions on G(A) in the obvious way. For any place v, let G(Q V Y 
denote the intersection of G{Q V ) with G(A) 1 . Let W^M) 1 ® C) be the 
universal enveloping algebra of the complexification of the Lie algebra 
of G(IR) 1 . Let Kf be an open compact subgroup of G(Af) 1 . Then 
the double coset space Kf\G(A) 1 / Kf is a discrete union of countably 
many copies of G(IR) 1 . In particular it is a differentiable manifold. 
Suppose that Q is a subset of G(A) 1 such that Kf ■ Q ■ Kf = Q and 
Kf\Q/Kf is the disjoint union of finitely many copies of G(IR) 1 . Let 
C 1 (G(A) 1 ; Q, Kf) be the space of all functions h: G(A) 1 — > C satisfying 
the following conditions: 

(1) h is bi-invariant under Kf, supp ZicO, and h : Kf\Q/Kf — > C 
is a smooth function. 

(2) For all D u D 2 E ^(g(M) 1 ® C) and all r 6 N, we have 

|| ^ ||Dl,D2,r 

:= sup ((l + a(z)) r H- 2 (x)|Di*/i*D 2 (x)|) < oo. 

xeG(A) 1 

Let C 1 (G(A) 1 ; fi, i^j) be equipped with the topology defined by the 
semi-norms || ■ ||Di,£> a ,r- Let C 1 (G(A) 1 ) be the topological direct limit 
over all pairs (Q, Kf) of the spaces C 1 (G(A) 1 ; Q, Kf). 



1.4. Let H be any algebraic group over Q and let F be a local field. 
We shall denote by U(H(A)) (resp. U(H(F)), Il(K), etc.) the set of 
equivalence classes of irreducible unitary representations of if (A) (resp. 
H(F), K, etc.). 



1.5. Given a unitary character f of A P (R)° , let L 2 (M P (Q)\M P (A))^ 
be the space of all measurable functions <fi on Mp(Q)\Mp(A) such that 
4>(xm) = £(x)<p(m) for all x G v4p(IR) , m G Mp(A), and is square 
integrable on M P (Q)\M P (A) 1 . Let n disc (M P (A)) 5 denote the subspace 
of all 7r G Il(Mp(A)) which are equivalent to a subrepresentation of the 
regular representation of M P (A) on L 2 (Mp(Q)\M P (A)) 5 . Set 

n disc (M P (A)) = |J IT disc (Mp(A)) ? . 

?Gn(A P (IR)0) 
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Recall that U(M P (A) 1 ) can be canonically identified with the set of 
orbits under the action of ia* P defined by 

7r — ► 7i\ = e^ Hp ^7r, 7T G n(M P (A)), A G ia* P . 

Since M P (A) is the direct product of Mp(A) 1 and Ap(IR) , any repre- 
sentation of Mp(A) 1 corresponds to a representation of M P (A) which 
is trivial on Ap(IR) . We identify these two representations and in this 
way we obtain an embedding of Il(Mp(A) 1 ) in U(M P (A)). 

Given 7r G Il(Mp(A)) with n = <g> v ir v , set 717 = <g> v<00 ir v . For an open 
compact subgroup Kf C G(Af), let 

K M j = M P (A f ) n K/. 

Set 

(1.2) n disc (Mp(A); = {vr G n disc (M P (A)) | ir? MJ ^ {0}} . 

Let n disc (Mp(A) 1 ; ify) be the intersection of Il disc (Mp(A); Kf) with the 
subspace n disc (M P (A) 1 ) of n disc (M P (A)). 

1.6. Let P = NM be a parabolic subgroup and let be a measurable, 
locally integrable function on iV(Q)\G(A). Then the constant term <p P 
of (f> along P is defined for almost every g by 

(1.3) 4> P {g) = / (ping) dn. 

Jn(q)\n(a) 

This is a measurable, locally integrable function on N(A)\G(A). 

1.7. Let P be a parabolic subgroup. Then we denote by A 2 (P) the 
space of automorphic forms on N P (A)M P (Q)\G(A) which are square 
integrable on Mp(Q)\Mp(A) 1 x K. This is the space of smooth func- 
tions 

0: iVp(A)Mp(Q)\G(A) -> C 
which satisfy the following conditions: 

i) The span of the set of functions 

x h-> (zcf))(xk), x G G(A), 
indexed by A; G -K" and z G ^(0c) ; is finite dimensional. 

ii) 

m'=ff |«m*)|> *■,«*«». 

i/C JMp(Q)\M P (A) 1 

Furthermore, an automorphic form G *4. 2 (P) is called cuspidal, if the 
following additional condition holds: 
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iii) For all standard parabolic subgroups Q ^ P, <pg = 0. 

The subspace of all cuspidal automorphic forms in A 2 (P) will be de- 
noted by Al(P). 



1.8. Given vr G n diac (M P (A)) s , let Al(P) be the subspace of A 2 (P) 
consisting of all functions <fi such that for every x G G(A), the function 

<frx{m) = 4>(mx) m G Mp(A), 

belongs to the 7r-isotypical subspace of L 2 (Mp(Q)\Mp(A)) ? . If n G 
n(M P (A)) is not contained in IT disc (Mp(A)), we put A 2 n {P) = 0. Let 
Kf be an open compact subgroup of G(Af). Then we denote by 
A 2 k {P)k; the subspace of all ^-invariant functions in A 2 (P). Fur- 
thermore, if a G 11(^00), then we denote by A 2 (P)K f ,a the a-isotypical 
subspace of A 2 t (P)k,- 



1.9. Let X be the set of Wq conjugacy classes of pairs (Mb, Tb), where 
B is a parabolic subgroup and tb is an irreducible cuspidal automorphic 
representation of Mb (A) 1 . Let 

L 2 (Mp(Q)\M P (A) 1 ) = 0L 2 (M P (Q)\Mp(A) 1 ) x 

be the decomposition of L 2 (Mp(Q)\Mp(A) 1 ) introduced by Arthur in 
A! Section 3]. Given x G X, let A 2 x n (P) be the subspace of Al(P) 



consisting of all function such that for each x G G(A), the restriction 
of X to Mp(A) 1 belongs to L 2 (M P (Q)\M P (A) 1 ) X . 

If we identify n(M P (A) 1 ) with a subset of n(M P (A)), then A 2 X 7T (P) is 
well defined for any ir G II (Mp( A) 1 ). This is a space of functions on 
A^p(A)Mp(A)Ap(M)°\G(A). The direct sum 

7ren(A/ P (A) 1 ) 

is the space that was denoted by A 2 (P,x) in flMu3[]. 



1.10. Let ^4 (P) be the Hilbert space completion of A (P). For any 

2 

A 6 Op C we have an induced representation p(P, A) of G(A) on A (P) 
which is defined by 

(1.4) (p(P, \y)(t)){x) = (f)(xy)e( x+p rX Hp ( xy »e-( x+pp X Hp W\ 
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for elements x, y G G(A) and G A (P). The Hilbert space comple- 
tions ^4 W (-P) and .A (P) of the subspaces -AJr(P) and A. 2 i7r (P), respec- 
tively, are invariant under p(P, A) and we shall denote the restriction 
of p(P, A) to ^(P) (resp . AIJP)) by p^(P, A) (resp. p X)V (P,X)). 

1.11. Given any irreducible unitary representation tt of Mp(A) 1 , let 
X-x be the eigenvalue of the Casimir operator of Mb(M), acting in the 
Garding space of the Archimedean constituent of 7r. For x G X 
and (Mb, r s ) G x, the Casimir eigenvalue X rB depends only on the class 
X and we denote it by A x . 

2. Normalized intertwining operators 

Let M, Mi G C(M Q ), P G V{M) and P 1 G V{Mi). For each s G 
iy(a M , a^J, G A 2 (P), and A G a PC such that Re(A) G (a P ) + + p P , 
let M Pl |p(s, A)0 be defined by 

M Pl]P (s, X)(j)(x) = e -(sX+ PPl )(H Pl ( X )) 

(2.1) / ( /,{wJ 1 n 1 x)e^ + ^ H ^ v '' ln ^ dm 

J N 1 (A)nw s N(A)w- 1 \N 1 (A) 

for x G G(A). The integral is absolutely convergent for A as above and 
admits an analytic continuation to a meromorphic function of A G a* PC 
with values in the space of linear operators from A 2 (P) to A 2 (Pi). This 
operator is the global intertwining operator 

M Pl |p( S ,A):^ 2 (P)^^l 2 (P 1 ). 

Let ii G Il disc (M(A)) and x G X. Then M Pl \ P (s, X) maps the sub- 
space Al(P) (resp. A 2 X7T (P)) to A 2 „{P X ) (resp. A 2 x ^{Pi)). The main 
functional equations are 

(2.2) M P2 \ P (ts,X) = M P2]Pl (t,sX)M PllP (s,X) 
for t G M^(ai, a 2 ) and s G W^a, Oi). 

By (1.4) and (1.5) of ||A4|| , most of the considerations concerning inter- 
twining operators can be reduced to the case where Pi and P have the 
same Levi component M, and s — 1. 

Thus, from now on we shall assume that P, Q G V(M) and we put 
M Q]P (X):=M QlP {l,X), X G <X*m,c- 



TRACE FORMULA 



15 



Given vr G U(M(A)), let 



M QlP (n,X):Al(P)^Al(Q) 



be the restriction of Mq\p{\) to A\{P). We shall now express this 
operator in terms of local intertwining operators. Let tt\ be the repre- 
sentation of -P(A) which is defined by 

n x (nm) = e A(HM(m)) 7r(m), n G N P (A), m G M P (A). 

Let (Jp (vr A ), Hp(ti)) be the induced representation of G(A). Simi- 
larly let (Iq(ttx),'Hq(7t)) be the representation of G(A) induced from 
Q(A). Let £ be a unitary character of Am0R)° and suppose that 
7T G n disc (M(A)) e . We extend f by 1 to a character of M(Q)A M (M)°. 
Then there is a canonical isomorphism 



(2.3) j P : Hp(tt) ® Hom M(A) (vr, fi'^JO) - ^(P) 



of G(A)-modules where G(A) acts on the left by Ip(-K\) ®Id. A similar 
isomorphism jq exists with respect to Q. Let H p (tt) (resp. 'Hqij^)) be 
the subspace of elements which are right .ff -finite and left Z{Q£)-f\mte. 
Using (|2.3|) , it follows that Mq\ p (ti-, A) induces an intertwining operator 



such that 

3Q ° ( J Q\p( n i A) ® Id ) = m Q|p(tt, A) o j P . 
It follows from ( |2.1|) that for Re(A) G (ap) + + pp, this operator is 
defined by the following convergent integral 



where x G G(A) and 4> G H° P (7i). 

Let f be any place of Q and let (tt v , V v ) G LT(M(Q u )). Given A G aj fc , 
let ir V) \ be the representation of P(Q V ) on K defined by 

TT v ,x{n v m v ) = Ti v (m v )e x{HM ^ ] \ n v G N(Q V ), m v G M(Q U ). 

Let (Jp (vt^ a), Hp(n v )) denote induced representation. The Hilbert 
space is the space of measurable functions 



Jq\p(7t,X): H p (7t) ^ H° Q (ir) 



jQ\p(ir,X)(f>(x) = e 



(X+P Q )(Hq(x)) 



(2.4) 




(P v : N(Q V ) \ G{Q V ) -> K 



such that 



1. (f> v (m v x v ) 



Tr(m v )4> v (x v ), m v G M(Q 



G(Q. 
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2 - II 4>v || 2 = f Kv || <t>v(k) \\l v dk < oo. 

Let TCp(ir v ) C Ti.p(n v ) be the subspace of ^-finite functions. Then 
the local intertwining operator 

Jq\p(j v , A) : Hp(n v ) — > H° Q (ir v ) 

is defined by 

(2 ' 5) ■ f Un v x v )e {x+Pp){Hp{nvXv)) dn v . 

J N Q (Q v )nN P (Q v )\N Q (Q v ) 

The integral converges absolutely for Re(A) G (ap) + + pp and can be 
continued to a meromorphic function of A G d* M<c with values in the 
space of linear operators from 7i P (7r<,) to / Hq(tc v ) ||Shl|| . 



Now let 7r G I1(M(A)). Then ir is a restricted tensor product 

7T = (8)„7T„ 

where almost all (ir v ,V v ) are unramified, i.e., dimV^ vnM ^ = 1 for 
almost all v. Moreover, we have 

(I?M,H P (ir)) = (®vIp(Kv,x),®vH P (ir v )) . 

Let (f) G H p (-k) and suppose that <p = ® v <p v . Observe that each <j) v 
belongs to 7ip(7r„) and for almost all v, 4> v is ^-invariant. Comparing 
(U) and it follows that 

(2.6) Jq\p{k, A)0 = ® v (Jq\p(tc v , X)(f) v ) 

whenever the product on the right converges. 

It is possible to normalize local intertwining operators. Let v be any 
valuation of Q and let n v G U(M(Q V )). It is proved in |A7j, gLLj] that 



there exist scalar valued meromorphic functions rQ\ P (ir V} A) of A G a* Pl 
such that the normalized intertwining operators 

(2.7) Rq\p(7t v , A) = r Q \ P (ir v , A) -1 J Q \p(7r v , A) 

satisfy the conditions (i?i) — (i? 8 ) of Theorem 2.1 of ||A7|| . We recall 
some of the properties satisfied by the normalized intertwining opera- 
tors. 

(R.l) If S G P(M), then 

(2.8) R s \p(nv, A) = R s \q(iTv, X)Rq\p(tt v , A). 
(R.2) 

(2.9) R Ql p(7r v ,X)* = R P \ Q (n v ,-J). 
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(R.3) Let L G C(M), S G V(L), and Q,Q' G V L (M). Then 

(2.10) (Rs(Q>)\s(Q)(ir v , A)0) fc = Rq'\q(k v , A)0 fe 

for any G H P (S(R)(Q V )) and fc G 
(R.4) Let f be a finite place. Suppose that ir v is unramified, and that 
K v is very special. Let <p v G H,p(tt v ) be a function such that 
4> v (k) = <f> v (l) for all k G Then in the compact picture of 
the induced representation, one has 

(2.11) Rqip(tt v , \)<j> v = <j) v . 

The functions rQ\p(n v , X) are called normalizing factors. They satisfy 
similar properties. We recall some of them. Given P G V(M), let E p 
be the set of reduced roots of (P, Am)- 

(r.l) For /3 G £ P , let Mp G £(M) be such that 

a Mfj = {Hea M \ (3(H) = 0} 

and let Pp be the unique group in V Mfi {M) whose simple root 
is 13. Then 

(2-12) r QlP (n v ,\) = Yl r P \p ( n vA), 

/3€£ r Q nsr, 

Note that each Tp \ p (ir v , A) depends only on the projection 

(r.2) If n v is an irreducible constituent of an induced representation 
I%((Tv), where a v G n 2 (Mi(Q„)), R G V M {M 1 ), and Mi C M, 
then 

(2.13) »"Q|p(7r w , A) = r Q( R)\P(R)((7 v , A). 
(r.3) 

(2.14) r QlP (iT v , \)r P i Q (7f v , A) = Jq\p(it v , \)J p \ q (tc v , A). 
(r.4) 

(2.15) r Q | P (7r„, A) = r PlQ (ir v , -A). 

(r.5) If f is a finite place of Q, then rQ\p(ir v , A) is a rational function 

in the variables {q v X ^ \ (3 G Eg n E^}, where the /3's are 
suitably normalized "coroots". If v — oo, then rQ|p(7r„,A) is a 
rational function in the variables {A(/3 V ) | /3 G Eg fl E^}. 
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Now we return to global intertwining operators. Let it G Il disc (M(A)). 
For (f> G 7i P {ix) with (f> = ® v 4> v set 

(2.16) Rq\p(tt, A)0 = ® v (RQ\p(n v , A)0«). 

Since <p v is invariant for almost all v, it follows from ( 2.11 ) that the 
right hand side is actually a finite product and therefore, it converges 
for all A G a* M c which are not poles of the local intertwining operators. 
In this way we get a a meromorphic operator valued function 



R QlP (7r,\):H° P (K)^K 



o 



7T 



of A G a* M tc- Using the isomorphism (|2.3|) and the corresponding one 
for Q, we obtain a meromorphic operator valued function 

N Q]P (7r,X):Al(P)^Al(Q) 
of A G a* MC such that 

(2.17) j Q o N QlP (n, A) = (R QlP (n, A) ® Id) o j P . 
Furthermore, put 

(2.18) r Q | P (7r,A) = J]^|p(^,A). 

By (R.4) it follows that for as above, we have 

Jq\p(tt v , \)4> v = r Q \ P (ir v , X)(f) v 
for almost all v. Therefore, the infinite product (|2.18| ) converges in the 



domain of absolute convergence of the infinite product ( |2.6| ) and for A 
in this domain we have 

(2.19) M Q | P (vr, A) = r Q | P (vr, X)N QlP (7r, A). 

Since both Mq\p(h, A) and Nq\p(tt,X) are meromorphic functions of 
A £ a M<c> ^ f°H° ws that rQ|p(7r, A) admits a meromorphic continuation 
to a* MC . The meromorphic function rQ\ P (n, A) is the global normalizing 
factor and Nq\p(tt, A) is the normalized global intertwining operator. 

Using fl212l) , ^TD , ( |TD and the functional equations (Q, it follows 
that rg|p(7r, A) has the following properties 

(1) 

(2.20) r Q | P (7r,A)rp| Q (7r,A) = l. 
(2) 



(2.21) r Q |p(vr,A) =rp| Q (7r,-A). 
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(3) For each /?GS r Q nEL let P p be as in (&T%) . Then 



(2.22) r Q | P (7T,A)= J] rp p]Pp ^,X). 

Note that Tp < P (tt, A) depends only on the projection A(/? v ). 

3. Local normalizing factors 

In this section we shall investigate the local normalizing factors in more 
detail. In particular, we shall study their logarithmic derivatives. To 
begin with, we recall the construction of the normalizing factors. 

First assume that v is a finite valuation. Then the existence of nor- 
malizing factors such that Theorem 2.1 of ||A7|| holds has been verified 



by Langlands in [ CLL |, Lecture 15. Let tt v G U(M(Q v )). The lo- 



cal normalizing factors rQ\p(ir v , A) have to satisfy (2.1)-(2.3) in ||A7 |. 



Therefore, it suffices to define them when dim(oM/dG) = 1 and ir v is 
square integrable modulo Aq- Assume for the moment that these con- 
ditions are satisfied. Let P G V(M) and let a be the unique simple 
root of (P, Am)- Then Langlands has shown that there exists a rational 
function Vp(ir v ,z) of one variable such that 

(3.1) r P|P (7r t „A) = Vp(7r„g; A ( 5 )), 

where 5 € Om is independent of ir v . We recall the definition of Vp(ir v , z). 
Suppose that P v is a parabolic subgroup of G defined over and let 
M v be a Levi component of P v over Q v . Denote by A Mv the split 
component of the center of M v . Set 

a Mv =Rom(X(M v ) Qv ,R) 

and 

a* Mu = X(M v ) Qv ®R. 

Let 

H Mv : M V (Q V ) -> a Mv 

be defined by 

?f'» Kk> = \x(m v )\ v , x e X(M v ) Qv , m v e M V (Q V ). 

Given 7r e H(M V (Q V )) and A G ia* Mv , let 7r A denote the representation 
defined by 

7r A K) = ■K{m v )e* HM ^\ m v G M V (Q V ). 

Let 

a M v ,w = |A G ia Mv \n\ = n\ 
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denote the stabilizer of tt with respect to this action of ia* Mv . Then 
n is a lattice in ia* Mv and the orbit o n of tt is equal to ia* Mv /a^[ v n . 

Let" 

a Mv ,q v = H Mv (M V (Q V )), a Mv ,q v = H Mv (A Mv (Q„) ) . 

Then 0-m v ,Qv an d Q-m v ,q v are lattices in Om„- Given a real vector space 
V and a closed subgroup V\ of V, 

= Hom^, 2mZ) C zV*. 

let us agree to set Let 0&r U)7r C a A f„ be the dual lattice to a)y- „.. Then 

&M V ,Q V C ClM„,7r C ClAf„,Q„- 

Set 

= (ftAf«,Q„ + Ck?„) / <*G„, L Mv = {<Xm v ,Q v + ttG v ) I a G v , 

and 

L(tt) = (a A /^ + a G J/a G „. 
Then L^, L A f„, and L(tt) are lattices in o^" = a A /„/a G „. 

Suppose that is a maximal parabolic subgroup, that is dima^/ = 1. 
Then there exists a{n) e such that 

L(tt) = ^Z(a(7r)). 

In ||Sil|| Silberger has shown that for a supercuspidal representation 
7r there exists a rational function Up v (tt,z) such that the Plancherel 
measure /z(7r, A) satisfies 

(3.2) MM) = M*>ff~ A(aW) )- 

Let 5 e a A /„ be such that 

logg r 



-Z(5 



2tt 

Since L(ir) C Im„, there exists k(ir) e Z such that a(7r) = /c(7r)a. Let 

(3.3) U Pv (n,z) = U Pv (n,z k ^). 

Then 

A) = I7 ft g" A ®) . 

Now suppose that P v is arbitrary, but tt is still supercuspidal. For 
each reduced root a G H r (P v ,A v ) let A a denote the largest subtorus 
of A v which lies in the kernel of the root character of a. Let M a de- 
note the centralizer of A a . Let *P a = P v n M a . Then *P a = M v N a . 
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Let /i a (7r, A) be the Plancherel measure with respect to (M a , *P a ). Ac- 
cording to |[HC3|| , Theorem 24, there exist constants 7 = ^(G/M) and 
7c = j(M a /M), a E T, r (P v , A v ), such that 



(3.4) 



7 2 Mtt,A) 



II 7 a V*0"; A ); 



a£S r (P„,A„) 



Hence if {5 | a G A P J is a set of generators of the lattice L Mv , 
then /j,(tt, A) is a rational function in the variables {g~ A ( Q ) | a E Ap v }. 
Finally, by Theorem 1 of [ Si2|| , this can be extended to all discrete series 
representations of M V (Q V ). 

Now let P = MN be a maximal parabolic subgroup of G defined over 
Q. Then X(M)q C X(M)q v induces an embedding a* M C a* Mv and by 
the above, it follows that there exists a E Om and a rational function 
Up(ir,z) such that 

(3.5) fi(n,\) = U P (n,q- x ^), 

for all tt E n 2 (M(Q„)), A E a* MC . As shown by Langlands ||CLL|1 , the 
rational function Up(tt, z) has the form 



Upijx, z) = a 



OtiZ){\ 



(X s 1 z) 



n-=i(i-A^)(i-^) 



where the a^s and /3j's satisfy | ct ; | < 1, |/3j| < 1, z = 1, , 
is a certain constant. Then the rational function Vp(ir,z) 
defined by 



., r, and a 
in Q is 



(3.6) 



Vp(7T,z) 



EC 



,1 - atiZ) 



for a suitable constant b. In particular, it follows that 2r is the number 
of poles of Up(ir, z). For our applications we need a bound for r. This 
is done in the following lemma. 

Lemma 3.1. Let M E C(M ) be such that dim(aM/ciG) = 1- There 
exists C > such that for all P E V{M) and all tt E n 2 (M(Q 1) )) i/ie 
number of poles of the rational function Vp(ir,z) is less than or equal 
toC. 



Proof. Let P v be a maximal parabolic subgroup of G defined over Q„ 
and let tt E H(M v (Q v )) be supercuspidal. By Theorem 1.6 of | |Sil| , the 
rational function Up v (ir,z) in ( p.2|) has at most 4 poles. Now observe 
that Lm v C L(tt) C Lm v and Lm v /Lm v is finite. This implies that the 
number of poles of the rational function U p v (it, z) defined by (|3.3j ) is 



bounded by a constant which is independent of tt. The general case is 



22 



WERNER MULLER 



reduced to this one using the product formula ( |3.4| ) and Theorem 1 of 
ET2f. □ 



Using (2.1)-(2.3) of [A7], the local normalizing factors can be defined 
for all M G C(M ), P,Q G V(M) and ir v G U(M(Q V )). 

Next suppose that v = oo. In this case the existence of normalizing 
factors such that Theorem 2.1 in |A7|| holds has been established by 



Arthur | |A7| | . The definition is as follows. Let L M be the L-group of 
M and let p = pg\ P be the contragredient representation of the adjoint 
representation pq\ P of L M on the complex vector space L rig n L tip\ L riQ. 
Let L(s, 7r, p) be the L-factor attached to 7r and p = pQ\p. Then Arthur 
has shown in IIA7II that the functions 



3.7 rg|p 7r ,A :=— 

satisfy all properties required by normalizing factors. We briefly recall 



the definition of the L-function and refer to |[A7| , pp. 33-35] for more 
details. 

To any ir G II(M(R)) and A G a* PC , there corresponds a map 

A : W M - L M 

from the Weil group of K to the L-group of M, which is uniquely 
determined by n\ up to conjugation by L M° |[L3|| . Let 



(3-8) P-0a = 



be the decomposition of p ■ (p\ into irreducible representations of W% 
Then by definition 



L(s, tt a , p) = L(s, p ■ <p x ) = Yl L(s, r x ). 

T 

So it remains to describe the L-factors L(0, T\)L{1, t a ) _1 . To this end 
let T C M be a maximal torus over IR whose real split component is 
A M . Let (A, A v ) denote the canonical pairing X*(T) x X*(T) — > Z 
between the space X*(T) of characters and the space X*(T) of one- 
parameter subgroups of T. Let T,p(G,T) be the set of roots of (G,T) 
which restrict to roots of (P, Am)- The Galois group Gal(C/R) acts on 
Ep(G, T). Let a be the action of the nontrivial element of Gal(C/R). 
The eigenspaces of p~Q\p(<f)\(C*)) are the root spaces of {— a y \ot G 
Ep(G, T)} and the irreducible constituents t\ of Pq\p ■ (p\ correspond 
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to orbits of a in T,p(G,T). Furthermore, the map 0: Wr — > L M de- 
termines elements fi, v G X*(T) £§) C with /j, — u G X*(T). Let 

r c (s) := 2(2tt)-T(z) and r R (z) = 7r-*/ 2 r(z/2). 

If a two-dimensional constituent T\ corresponds to a pair {a, era} of 
complex roots, then T\ is induced from the quasi-character 

z 2 {/i+A ) Qi V )- ? ( i v+A,Q ! V > 

of C*. Replacing ct v by aa w if necessary, we can assume that (a/i — 
fi, a v ) is a nonpositive integer. Then 

r - ^(Q, ^) r c ((/i + A, Q v )) 

l ' J L(l,r A ) r c ((/i + A,a v ) + l)- 

The one-dimensional constituents T\ correspond to real roots «o in 
Ep(G, T). There is at most one of these. If «o exists, then t\ is 
induced from the quasi-character of M* 

x 

where N G {0, 1}. In this case 
(31Q) L(0,r x ) _ r R ((/i + A,a v > + iV ) 



/ x \ 


-N 




\x\ 







L(l,r A ) r R ((/i + A,a v )+iV + l)- 



Remark: It has been conjectured by Langlands [|CT] , p. 282] that for any 
local field, intertwining operators can be normalized by L-functions. 



For GL(ra) this was proved by Shahidi |8h2[| . Namely, let P be a 
standard maximal parabolic subgroup of GL(n). Then ctp c = C 2 
and Mp = GL(nj) x GL(n 2 ) for some decomposition n = n x + ra 2 . 
Let F be a local non-Archimedean field and let ip be a non-trivial 
additive character of F. Let 7Ti ® 7r 2 be an irreducible unitary rep- 
resentation of M P (F) = GL(ni,F) x GL(n 2 ,F). Let L(z, tvi x 7r 2 ) 
and e(z, 7Ti x 7r 2 , be the Rankin-Selberg L-function and the e-factor 
defined by Jacquet, Piatetski-Shapiro and Shalika ||JPS||. Then the 



normalizing factor r-p^ p (TC, s), s = (si, s 2 ), can be chosen to be 

/ \ L(Sj - S 2 ,7Ti X 7T 2 ) 

- S 2 , 7T], X 7T 2 , VJM 1 + S l ~ S 2, TTl X 7T 2 ) 

In [[Sh4|| , this has been generalized to quasi-split groups and generic 



representations it. 

We can now estimate the logarithmic derivatives of the normalizing 
factors. First we consider the case of a finite place v. Let q v be the 
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number of elements of the residue field of Q v (which in our case is a 
prime number). 



Lemma 3.2. Let a G (a* M ) + . There exist C, c > such that for every 
finite valuation v and every tt v G II(M(Q„)) we have 



(3.11) 

for Re{z) > c. 



r QlP (ir v ,za) 



d_ 

dz 



r Q \ P {'K v ,za / 



<Cq v 



Proof. First we assume that dima^ / 'a^ = 1 and n v G U{M{Q V )) is 
square integrable modulo A M {Q V ). Let a be the unique simple root of 
{P., A). Then rp^ p {ir v , A) is given by (|3Jj). Let A = za, z G C. Then 
A(a v ) = z and by (|3.6| ), it follows that 



-p| P (7T„, za) 1 -j^rp lP {7r v ,za) = fog{q v )q v 



Pi 



1 - ctiq v 



Recall that the a^s and /3j's satisfy [df» | < 1, \(3i\ < 1, % — l,...,r. 
Moreover, by Lemma |3.1| there exists C\ > 0, which is independent of 
7t v G n(M(Q„)), such that r <C\. Therefore, for Re(z) > 3 we obtain 



(3.12) 



r-p ]p {n v ,za — r 



i d 

j-rp- ]P {7r V iZa) 



\og{q v )q v Re{z) 2 



1 - qi 



- Re(z) 



Now let M G £(Mo) be arbitrary, but still assume that tt v is square 
integrable modulo A M {Q V ). Let P,Q G P(M). For each /3 G S P let 
Mp G £(M) be such that 

a Mp = {He a M | P{H) = 0}. 

Then dimaM/ciM^ = 1- Let be the unique group in V Ml3 {M) whose 
simple root is (3. Furthermore, let a G {a* M ) + , v G a* MC and z G C. 
Then by (p7T2|) we get 

rQ|p(7r,,, + z/T 1 ■ -^ r Q\p( n vi za + ^) 

= r p /3 |p /3 K > ( 2a + I/ >/ ?v )/ ? )" 1 -^ r p (3 |p /3 K'( 2:Q; + ^/ ?v )/ ? )- 



By assumption we have (a,/? v ) > for every j3 G £ P . If (a,/3 y ) = 0, 
then the corresponding logarithmic derivative vanishes. Suppose that 
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a := (a,/3 v ) > 0. Let Co > be such that || (3 \\< cq for all (5 G £ P . 
Then 

Re (z(a, + {v, f3 y )) > a Re(z) - c \\ u \\ 

and it follows from (|3.7|) that there exist C, c > 0, depending on a, Co 
and || v ||, such that 

(3.13) r Q \ P (n v ,za + ■ -^j-r Q \p(Tc v ,za + v) <Cq~ 2 

for all tt v G n 2 (M(Q„)) and Re(z) > c. 

Next assume that n v is tempered. Then 7r„ is an irreducible constituent 
of an induced representation Ir(t v ), where R G V M (Mi), Mi C M 
and r„ G n 2 (Mij(Q t) )). Then Ip{^ v ,x) is canonically isomorphic to a 
subrepresentation of ^p(p)(td,a) an d by (|2.13|) we have 

r Q \ P (ir v , A) = r QmP{R) (T v , A), 

where P{R) C P, <3(P) C Q. Now recall that there is a canoni- 
cal inclusion a* P C cip^ and with respect to this inclusion, we have 

(ap) + C (<*p(p)) + - Thus a can be identified with an element of (ap^p^) + . 
Hence holds for all tempered tt^ G n(M(Q„)). 

Now let 7i v be an arbitrary representation in U(M(Q V )). Then ir v is the 
Langlands quotient J R (r v ,fi) of a representation I r (t v ,[j,), where Mr 
is an admissible Levi subgroup of M, t v G H(M r (Q v )) is a tempered 
representation, and /i is a point in the chamber of (a R )* = a* R /a* M 
attached to R |(3i3|| . Set A = // + A. Then, as explained in ||A7| , p. 30], 
we have 

(3-14) r QlP (iT v ,\) = r Q{R )\P(R)(r v ,A). 

Let p v G a* M be defined by 

Spia) 1 ' 2 = qpPW , aeA M . 
Then it follows from Theorem 3.3 of Chapter XI of |[BW|| that 

(/x,/? v )<( P „/? v ), pe$(R,A R ). 

Since /i belongs to a* R /a* M , it follows that || ji \\<\\ p v ||. Let a G 
(ap) + . As observed above, a can be identified with an element of 



( a p(H)) + - Hence, combining (|3.13| ) and ( |3.14|) the desired estimation 
(|3TTT| ) follows. □ 

Next we consider the infinite place. Let 7r G I1(M(M)) and let 0: Wr — > 
L M be the map associated to 7r. Let /i, u G X*(T) ® C be the elements 
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determined by the map (j) (see ||L3|| , ||A7| , p. 34]). To indicate the depen- 
dence on it, we shall write \i v and zv We note that there is a canonical 
injection of the space 

4 /iC = X*(M) Q ®C 

into X*(T) ® C. 

Lemma 3.3. Let (3 G (a* M ) + ■ There exist C,c> such that 

d 



(3.15) 



r Q | P (7T, 1 • —r Q \p(ir, Z P) 



< C 



for for all vr G U(M(R)) and all z G C wii/i Re(z) > c. 

Proof. First assume that 7r G I1(M(]R)) is tempered. As explained 
above, the normalizing factor rQ\p(ir, A) is a product of finitely many 
meromorphic functions each of which is either of the form ( [3.9D or 
(|3.10|) . So it suffices to consider the logarithmic derivative of the 
Gamma factors. Recall that for Re (z) > the following formula holds 

T'(z + 1) 



T(z+1) 



— + logz 

2z 



1 

u 



1 

e u - 1 



du 



Wg , p.248]. Let < a < 1 and Re(z) > 2. Then we get 
'T'(z) T'(z + a) 



T(z) 



Viz + a) 



< 



Re(z 
+ 2 



log 
1 

2 ~ 



1 4 

1 

it 



1 



7T 

2 



Hence there exists C > such that 
r(z) T'(z + a 



(3.16) 



r(z) r(z + a) 



< C for ReU) > 2. 



Let P G (a^/) 4- , f G a* MC and a G T,p(G,T). Since a f a&f is a root 
of (P,A), it follows that (J3, a v ) > 0. Let a G E P (G,T) be such that 
(ct/Ztt — a v ) < 0. Then we have Re(/i 7r , a v ) > 0. Hence 

Re(fj, x + z(3 + v, a v ) > (/3, a v ) Re(z) — || a || • || v || . 

Using ( |3.16| ) together with and ( |3.1(J| ), it follows that there exist 
constants C, c > such that 



(3.17) 



dz 



L(0,r. 



^(1) Tz/H-l>, 



< C 



for Re(z) > Un- 
related by (K 



v ||) and all n G II(M(R)), where T\ and tt x are 
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Now let 7r be an arbitrary representation in LT(M(1R)). Then there 
exist a parabolic subgroup R of M, a tempered representation r of 
Mr(R) and a point £ in the positive chamber of (a* R /a* M ) attached to 
R such that 7r is equivalent to the Langlands quotient Jj?(t, £) ||L3|| . Set 
A = £ + A. Then, as explained in |[A7| , p. 30], we have 

?Q|p(7r,A) = r g( B)|p( B) (r,A). 

Moreover, by Theorem 5.2 of Chapter IV of ||BW|1 it follows that 

I Re(£,a v )| < 4 || p P || for all a e A P . 

Together with (|3.17| ) this implies the claimed result. □ 



4. Poles of global normalizing factors 



Let M G £(M ) and P, Q G P(M). Let vr G n disc (M(A)) with vr = 
® v ir v . Then by §2 the infinite product 

rQ\p(rr,\) = Y[r Ql p(TT v , X) 

V 

is absolutely convergent in some chamber and admits an analytic ex- 
tension to a meromorphic function of A G <x* MC . In this section we shall 
study the poles of rQ\p(ii, A). 

Recall that a function / : — > C is called a meromorphic function of 
order p > 0, if / can be written as a quotient / = (71/(72 of two entire 
functions gi : C N — ► C, i — 1, 2, satisfying 

|&(z)| < Ce c||2||P , zeC* i = l,2, 

for certain constants C, c > 0. With this definition we have the follow- 
ing proposition. 

Proposition 4.1. Let n = dimG(R)/K oa . For all vr G LI disc (M(A)) ; 
£/ie normalizing factor rQ\p(7r, A) zs a meromorphic function of X G c 
0/ order < n + 2. 

Proof. By (|2.22j ) we may assume that dim(ciAf/ciG) = 1- Let P G V(M) 
and let a be the unique simple root of (P, Am)- Let 7r G II disc (M(A)). 
Then A^(P) 7^ {0} and we have to consider the intertwining oper- 
ator Mp, p (jr, A). Recall that Mp| P (7r, A) is unitary for A G za^. In 
particular, Mpi p (ir, A) is regular at A = 0. Put 



M(tt, A) = M P| p(vr, 0)Mp |P (7r, A), A G a* 
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Next consider the normalized intertwining operator Np, p (7r, A) which 
is defined by (|2l9|) . It follows from (£§), (P), (grp and ( pT7|) that 

A^ P |p(vr,0)*A^p|p(7r,0) = Id. 

Hence iVp|p(7r, A) is regular at A = and N P fp(ir, 0) is invertible. Put 

N(tt, A) = iy p| p(7r, 0)iVp | p(7r, A), AG a* M>c . 

Furthermore by (|2.20|) and (|2.21|) we get 

(4.1) |rp[p(7r,A)| = l, A G ia* M . 

Thus rp|p(7r, A) is also regular at A = and rp P (n, 0) ^ 0. By ( |2.19| ) 

we get 

(4.2) M(vr, A) = r P| p(7r, 0)rp | p(vr, A)iV(7r, A). 

Now observe that there exists an open compact subgroup Kf C G(Af) 
such that AI(P)k } 7^ {0}. Hence there exists a G Yli^K^) such that 
Al(P)K f ,a 7^ {0} (cf. section 1.8 for the definition). Put 

d = dimAl(P) Kf ,a 

and 

c(7r,a) = r P| p(7r,0)- d . 

Then \c(ir, a)\ = 1. Let M(7r, A)/< /iCr (resp. iV(7r, A)^ /j(J ) denote the 
restriction of M(7r, A) (resp. N(n, A)) to the subspace A\{P}k s ,<j- Then 
we have det N(tt, \)K f ,a ^ and by (fOj ) we get 



„, , det M(vr, A) /n .„ 



(43) ^A)^,^ detjV(7r;Ak/ / 

Thus it suffices to prove that both the numerator and the denomi- 
nator on the right hand side are meromorphic functions of order < 
n + 2. As for the numerator, it follows from Theorem 0.1 of |Mu3] that 
det M(ti, \)K f ,a is a meromorphic function of A G a* M jC of order < n + 2. 
In fact, in ||Mu3|| we only dealt with the case of the trivial character £. 
However, all the results of [ 1V1u3|| can be extend without any difficulty 
to the case of a nontrivial character £. It remains to consider the de- 
nominator. By ( |2.11| ), ( [2.16D and ( |2.17| ) there exists a finite set SV of 
finite places of Q such that 

det N(ir, X) Kf ,cr = det (^Rp\p(7Coc, 0) CT i?p| P (7r oo , \) a ^ 

(4.4) TT / ' 

■ YY det \ R P \p(iT v , 0)k v R~p\p(^v, ^)k v 
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where Rp\ P oo, a denotes the restriction of R-p\ P {'K 00: A) to the a- 
isotypical subspace 'H P {ji o)u of ?ip(vr 00 ) and R P ^ P (7r v , \)k v denotes 
the restriction of R P < P (7r v , A) to the subspace TC p (n v ) Kv of ^-invariant 
functions. By Theorem 2.1 of [ |A7|| , Rp^p^n^, A) is a rational function 
of A(a v ) and for each finite place v, Rp^p(n v , A) is a rational function 

of q v A( ' a \ Therefore det(i? P |p(7r 00 , O^-Rp^^oo, A)^) is a rational func- 
tions of A(a v ) and for each v < 00, det(i? P |p(7r„, 0)k v R p \ p (t!' v , X)k v ) is 

a rational function of q v A< '° \ Since the function z G C 1— > q~ z is en- 
tire and of order 1, it follows that det N(n, X) a ,K f is a meromorphic 
function of A G a* M>c of order < 1. By (|4.3|) it follows that rp\ P (ir, X) d 
and hence r-p^ p (7T, A) is a meromorphic function of A G a^ /c of order 
< n + 2. □ 

Remark. Assume that G is a quasi-split connected reductive group 
over a number field F with ring of adeles A^. Let P = MN be a 
maximal parabolic subgroup of G. Let 7r be a globally generic cus- 
pidal representation of M(A P ). Then it follows from | |Sh4|| that the 
intertwining operator M-p^ p (ir, A) can be normalized by automorphic 
L-functions. Furthermore in [pEJ, Gelbart and Shahidi proved that 
the L-functions occurring in the normalizing factor are meromorphic 
functions of order 1. Therefore, one should expect that the normalizing 
factor rQ\ P (7r, A) is of order 1 in general. 

Now assume that dimaA//ac = 1. Our next goal is to estimate the 
number of poles of rp| P (7r, A) in a circle of radius R > 0. For this 
purpose we have to introduce some notation. 

Let n disc (M(A); Kf) be the space of representations defined by (|L2l). 
For every tt G II disc (M(A); K f ) we have Al{P) K i ^ {0}. 

Let tt be an irreducible unitary representation of M(R) and let Ip{^) 
be the induced representation of G(R). Recall that among all K^- 
types ta' occurring in Ip (71"), the minimal i^oo-types of I P (ti) are those 
ta for which |A' + 2p^| 2 is minimizing at A' = A. Let W p (it) be the 
set of minimal L^-types of I P (ir). Then W P (ir) is a non empty finite 
subset of 11(^00). Let A„- be the Casimir eigenvalues of 7r and for any 
t G 11(^00), let A T be the Casimir eigenvalue of r. Put 



(4.5) A^ mm y\J+Xj. 

If tt G n(M(A)), put 

A* := A Woo . 
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For a given pole r] of r p ^ p (ir, A), let m(rj) denote its order. Set 

n P (n,R) = ^ m (v)^ 

\r)\<R 

where the sum runs over all poles of rpi P (ir, A). 

Proposition 4.2. Let m = dimG and let Kf be an open compact 
subgroup of G(Af). There exists C > such that for all R> and all 
7T G il disc (M(A); Kf) we have 

n P (rc,R) < C(l + R 2 + klf m . 

Proof. Let tc G n disc (M(A) ; Kf) . Then there exists o G II^oo) such 
that ^(p) ^ {0}. Put 



Then 



N{tt, A) := iV p| p(7r, A)iVp |P (7r, 0), A G a^ c . 
N(tt, A)A^(tt, A) = Id 



and by ( |4.3|) we get 

(4.6) r P]P (ir, X) d = c(tt, a) det(M(vr, A)^) • det(iV(7r, \) Kft , 

Thus it suffices to estimate the number of poles of the functions oc- 
curring on the right. It follows from Proposition 6.6 and Lemma 
6.1 of ||Mu3|| , that the number of poles, counted with their order, of 
detM(7r, \)k s ,ct m the disc |A| < R is bounded by 

c(i + r 2 + xi + \y m , 

where C > is independent of tc and a. As noted above, in [|Mu3| we 
only dealt with the case of the trivial character £. However, everything 
can be extended to a nontrivial character £ without any difficulty. 

It remains to consider det N(ir, A)^ /)(T . For any place v let 

R(tc v , A) = R P \ P (-n v , \)R pip (tc v , 0). 

By ( |Iiq ) and (|2TT7|) we have 

N(n, A) o JP = JP o ((® v R(-k v , A)) <g> Id) , 

and there exists a finite set S n of finite places, which depends only on 
7r and Kf, such that 

R(tc v ,X) Kv = Id 

for all v U {00}. Thus 

(4.7) det pV(7T, X) Kf ,a) = det (#(7^, A) ct ) • JJ det (ifyr,, A)*J . 
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Let np(n v ,R), v < oo, (resp. np(7r 00 ,i?)) denote the number of poles, 
counted with the order, of det (R(n v , \)k v ) (resp. det (-R^oc, in 
the disc |A| < R. Then we have to estimate rip(7r v , R) for any v < oo. 

Let v < oo and let ir v be any irreducible unitary representation of 
M(Q V ). Let 5 G Om be as By Theorem 2.2.2 of JShTJ there 

exists a polynomial Q v (z), Q v (0) = 1, such that 

is a holomorphic and non-zero operator. Moreover, the degree of the 
polynomial Q v is independent of tt v . Let 

d v = dimH P (ir v ) Kv . 

Then it follows from fl2.7| ) and the definition of R(tt v , A) that 

r P| pK, A)^ (g^ A(5) )^ det Pfyr w , A W 

is a holomorphic function on a* MC . By (r.5) there exist polynomials 
P\{z) and p2(z) such that 

P|P( , "P 2 (^« 5 »)' 

Thus it suffices to estimate the number of zeros of Pifc Ka) ) and 
Qu(<Zi7 A ^); respectively, in a circle of radius R > 0. First observe 
that for every z G C the number of solutions of q~ s = z in the disc 
\s\ < R is bounded by 1 + (27r) _1 log(g„)i2. Furthermore, the degree 
of the polynomial Q v is bounded by some constant c v > which is 
independent of ir v . Using Lemma |3TT| and (2.1)-(2.3) of [|A7|| , it follows 
that the degree of the polynomial Pi (z) is also bounded by a constant 
which is independent of ir v . This implies that there exists C v > such 
that 

n P {n v , R) < C v dim (H P (ir v ) Kv ) (1 + R) 

for all tc v G U(M(Q V )) and R > 0. It remains to estimate the dimension 
of Hp(rr v ) Kv . Suppose that ir v is the component at v of a representation 
n G n disc (M(A)); Kf). Then there exists £ G LT(A M (R) ) such that vr G 
n disc (M(A))^. Let Hp(7r)a f be the cr-isotypical subspace of TCp(7r) Kf . 
By (O) it follows that 



Hp(ir)a f ® Hom M(A) (7r, Im(Q)am(r)o(0) - ^(-P)*,,*- 
Moreover we have 

Wp^)*' = ^p(vToo) CT ® (R) Wp^)*' 



t)<oo 
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and dim.?ip(ir v ) Kv = 1 for v ^ S n . Thus it follows that 

dimHpM*" < dim Al(P) Kf>tr . 

The right hand side can be estimated by Lemma 6.1 of [Mu3|. It follows 
that 



(4.8) npfa, R) <C V (1 + Xl + Xl) 3m (l + R). 
Now let v = oo and let vr^ G n(M(R)). Set 

</(tToo,A) = Jp|p(7r oo , A)Jp|p(7T 0O , 0). 

Then 

(4.9) ^(vroo, A) = (r P |p(7r oo ,A)rp|p(7r oo ,0)J 7(^00, A). 

Let iT Mi00 = ifoo n M (R) and let 

^\k m , x = n T r. 
ren(K M ,oo) 

Set 

reU(K Mi00 ) 

By Corollary 4.7 of [|VW|| , there exist complex numbers di(ir c 



l,...,r, and b^n^a), i = l,...,r[a : TToo], with r = r(ir 00 ) depending 
only on vr^, and a constant C G C, such that 



(4.10) 



det 7(^00, A) 

nii 7r r ) r ((A, a v )/(4(p P , a v » - a^^i 



c 



n 



»'(7r 00 )[o-:7r 



i=l 



r((A,a v )/( 4 (pp,aV))-6 i ( 7 r 00 )) 



Lemma 4.3. There exists c > suc/i i/ia£ r(r) < c /or a// r G 

n(M(R)). 

Proof. Let 6 r be the polynomial which is associated to r by Theorem 
1.5 of [VW]. Then r(r) is the degree of b T |[VW| , p. 228]. So we have 
to estimate the degree of b T . The polynomial b T is obtained from a 
more general polynomial 6 Tj a occurring in Theorem 2.2 of ||VW|| by 
choosing A = 4pp. The polynomial b T .\ is associated to r and a finite 
dimensional representation (77, F) of G satisfying the conditions (l)-(3) 
in [ |VW| , p. 210]. Then A is the action of Om on F n . It follows from the 
constructions on pp. 217-219 in [|V W|] , that the polynomial b Ti \ is the 
product of the denominator of (3 and the denominator of the element 
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z v , defined on p. 219. Let Q G Z(qc) be the Casimir element, and let 
Xa be the infinitesimal character of r. Then it follows that b Ty \ equals 

M") = n (xA+»(n) - XA + v+x-»m rM 

M en(F)-{A} 
fj,£H(F)—{\} 

Here 11(F) denotes the set of weights of F with respect to a fixed 
Cartan subalgebra i) of g and r(/i) is the multiplicity of a given weight 
p. From this description of b T) x it follows that 

r(r) < 2(dimF - 1). 

Finally, b T is obtained by choosing F to be the representation described 
in example 2.1 of |VW|]. □ 



Now recall that the poles of the Gamma function T(z) are simple poles 
at z = 0,-1, —2, ... and 1/T(z) is entire. Then it follows from ( [4.1 0|) 
together with Lemma |4.3| that there exists a constant C\ > 0, indepen- 
dent of 7TOO, such that the number of zeros, counted with their order, 
of det J(tToo, A) in the disc |A| < R is bounded by 

(4.11) d[a : 7:^(1 + R). 



By Theorem 8.1 of ||Kn|| and remark 1 following Theorem 8.4 in ||Kn 
we have 

[a : Tioo] < n T dim r < dim a. 

Furthermore, by Weyl's dimension formula, there exists Ci > such 
that dim cr < C2(l+A^) p , where p = l/2dimif. Thus ( [4.11D is bounded 
by 

C 2 (l + Xlf(l + R). 

It remains to consider the normalizing factor r P |p(7r 0O , A). It is given 
by formula (|57?D . Let (j) X : W R -> L M be the map associated to (^00)^. 
Let q be the number of irreducible constituents occurring in the decom- 
position ( |3.8| ) of p • <p\. Then q is bounded independently of tt and it 
follows from the description of the L-factors in §3 that r P |p(7r 00 , A) is a 
product of q meromorphic functions of the form ( |3.9| ) or ( |3.10| ). From 
the form of these functions it follows immediately that the number of 
poles, counted with their order, of r P |p(7r 0O , A) in the disc |A| < R is 
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bounded by C(l + R). Putting our estimated together, we have proved 
that there exists C > 0, depending on Kf, such that 

(4.12) np{7r,R)<C{l + R 2 + Xl + Xl) 8m 

for all R > 0, and all tt G n disc (M(A)) and a G n(K 00 ) such that 

Al{P) Kf ,a * {0}. 

Let tt G n disc (M(A); Kf). Let r be a minimal i^oo-type of Ip^oo). 
Choose a G LT^iCx,) such that a = r. Then ( |L12j ) applied to a together 
with the definition of A„- implies the proposition. □ 

Corollary 4.4. Let m = dimG and n = 16m + 2. There exists C > 0, 
depending on Kf, such that for each n G n disc (M(A); Kf) we have 

where p runs over the poles of r^ p (7i, A). 



5. Logarithmic derivatives of global normalizing factors 

In this section we shall study generalized logarithmic derivatives of 
the global normalizing factors. First we assume that M G C(M Q ) 
is such that dima^// dima^ = 1. Let P G V(M) and let a be the 
unique simple root of (P, A). Let tt G Il disc (M(A)) with n = (£) v it v . By 
property (r.5) satisfied by the local normalizing factors, it follows that 
for each place v, there exists a meromorphic function r-p^ p (ir v , z) of one 
complex variable z such that the local normalizing factor rp\ p (iT v , A) is 
given by 

rp lP (ir v , A) = fp\ P (ir v , A(a v )). 

Let 

fp lP (iT,z) := Y[rp\p(n v ,z). 

V 

The infinite product is absolutely convergent in the half-plane Ke(z) > 
pp(a w ), admits a meromorphic continuation to C and the global nor- 
malizing factor is given by 

r-p\p(n, A) = fp lP (iT, A(a v )), A G c^ /c . 

Our present goal is to estimate the logarithmic derivative of fp| P (7r, z) 
along the imaginary axis. 
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To begin with, observe that by Lemma ^2 and Lemma there exist 
C, c > such that 



(5.1) 



_i d „ 
dz 



7T, 2 



< 



l)<00 



< c 



for all vr G n disc (M(A)) and Re(z) > c. Using ( gglj ) and ( g2g ), it 
follows that the function rp-|p(7r, z) satisfies 

(5.2) 

Hence we get 



p|p(7T, z)r p \ p 



V, -z) = 1. 



rp|p(7T, zj 



f/z 



rp-|p(7T, z y 



rpp^TT, -zj 



-1 I <^ r plp 



and together with ( |5.1| ) we obtain the following proposition. 
Proposition 5.1. There exist C, c > such that 



rp|p(vr,z) X ^p\p{^z) 



< C 



for all tt G n disc (M (A)) and all z G C with | Re(z)| > c. 

In order to get estimates for the logarithmic derivative on the imaginary 
axis, we shall use the partial fraction decomposition of the meromorphic 
function 7p\p(ir, z)~ l (d/ dz)(rj;\ p {ix , z)), which allows us to treat the 
sum of the principal parts separately. Let n = 16 dim G + 2. Then it 
follows from Corollary |0] that r p ^ p (n, z) is a meromorphic function of 
order < n. Thus there exist entire functions r 1 (7r,z) and r 2 (7r,z) of 
order < n such that 

r-p lP {iT,z) = — r. 

r 2 (vr,z) 

Furthermore, observe that by (|5.2|) a complex number r\ is a zero of 
rp-|p(7r, z) if and only if — rj is a pole of r P , P (Tr, z). Thus by Hadamard's 
factorization theorem there exists a polynomial Q(z) of degree < n 
such that 



n 



(5.3) rp lP (7r,z) = e 



Q(z) v 




n 




a(rj) ' 
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where 77 runs over all zeros of rp-| P (7r, z) and a{r\) denotes the order of 
the zero 77. 

Let D(tt) denote the set of all poles and zeros of rp-ip(7r, z). Given 
77 G D(tt), we denote by m(i]) the order of 77, i.e., m(i]) is the integer 
such that [z — r])~ m ^ r-p^p(n, z) is holomorphic in a neighborhood of 77 
and does not vanish at z = 77. For 77 G C x we define the function h n (z) 
by 

n-1 / \ k 



1 / \ 

v*) = --Eu) ■ 2GC 

Then it follows from Corollary [O] that the series 

(5.4) /(*,*)= E ~ + E mfo) {—-*»,(*)} 

z — ' — 77 z — ' I Z — 77 I 



J76D(tt) ' 7jG-D(7r) 

M<1 lll>l 



is absolutely convergent on compact subsets of C \ -D(vr) and the re- 
sulting function f(jr,z) is a meromorphic function on C whose set of 
poles equals D(tt). Differentiating (|5.3|) , we get 

~ l -^r-p lP (ii,z) = f(n,z) - rn{r])h v {z) + Q'(z). 



r)G-D(Tr) 
M<1 



Thus there is a polynomial g(ir,z) of degree < n — 1 such that 
(5.5) ^p| P (7T, 2)~ 1 ^fp |P (7r, z) = /(tt, z) + g(ir, z). 

We begin with the investigation of g(jr, z). 

Proposition 5.2. Let m = dimG. There exist C, c > such that 
\g(n,z)\<C(l + \z\ 2 + A 2 n ) l8m 

for all 7r G Il disc (M(A), Kf) and all z G C | Re(z)| < c. 



Proof. Let c > be the constant occurring in Proposition |5.1| . First 
assume that |Re(z)| = c. By Proposition ^J] it suffices to estimate 
f(ir,z). Referring again to Proposition |5.1| , it follows that D(n) is 
contained in the strip | Re(z)| < c. Hence we may assume that c > 
has been chosen so that for all tt G U disc (M (A) , K f) , the zeros and 
poles of rp<p(TT, z) are contained in the strip | Re(z)| < c — 5, where 
5 > is independent of tt. Hence the poles of f(n, z) are contained in 



TRACE FORMULA 



37 



| Re(z)| < c — 5. Let r\ G C be a pole of f(n, z). Then for | Re(^)| > c 
we get 



(5.6) 



\z-r)\> |Re(z-77)| >c - |Re(r/)| > 5. 



Furthermore, from the definition of /(7r, z) it follows that 

E jfrf + E M'rtllV*) 



M<2[*| 



+ E i m( ^)i 

|ij|>2|*| 



l<|rj|<2|z| 
1 



Z — 7] 



h v {z) 



Using (|5.6|) and Proposition |4.2| , we can estimate the first sum as follows 



E 

M< 2 M 



\m(ri)\ 1 v-^ / m 2 . . 

' <T E \m(v)\<^n P (n,2\z\) 



\z — T]\ 5 



rf|<2|z| 



2\8m 



Again by Proposition [4.2| , we obtain for the second sum 

n_1 uife 

E \ m (v)\\h v ( z )\ < E m^iE 

1<|jj|<2|«| l<M<2|z| k=Q 

< L7|^| n -V(vr,2|z|) 



fc+1 



(5.7) 



<Ci\z\ n - L (l + \z\ 2 + A$) 



2 \8m 



Finally, by Corollary [4.4| we get 

1 



E i m ^)i 

(5.8) kl>2|z| 



Z — Tj 



h v (z) 



< 



M n E 



|m(?7)| 
\rj\ n+1 

\ V \>2\z\ 1 " 

<C(1 + A*) 8m |z| n 
<L7(l + |z| 2 + A') 8m . 



Putting our estimates together, it follows that there exists C > such 
that 

|/(7r, 2 )|<L7(l + |^| 2 + A2) 18m 



for |Re(^)| > c. Hence by Proposition |5TT| , there exists C > such 
that 



(5.9) 



\g(7r,z)\<C(l + \z\' + K 



2\18m 



:;<s 
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for all 7T G U disc (M(A),K f ) and all z G C with | Re(z)\ = c. Now the 
proposition follows from the Phragmen-Lindelof theorem. □ 



Note that Proposition |5.2| gives an upper bound for g(jr,z) on the 
imaginary axis. 



We shall now investigate f(ir, z). From the definition of f(rr, z) by ( |5.3| ) 
it is clear that the growth of /(7r, z) along the imaginary axis depends 
on the distance of the poles and zeros of f-p\ p (ii, z) from the imaginary 
axis. Therefore, without any further information about the distribution 
of the poles and zeros we cannot expect to get any estimates for f(n, iX) 
as |A| — > oo. However, what we can hope for is to obtain estimates for 
integrals involving /(71", iX). 

To this end, we decompose f(n, z) as follows 

m (v)yz m (v)h v ( z ) 

M<2|z| l<H<2|z 



+ E rn{r,)l-±--h v {z)\. 



M>2|z 



As for the second and the third sum, we observe that the estimations 
(|5.7|) and fl5.8|) are uniform in z G C. It remains to consider the first 



sum which we denote by fi(ic, z). Let 

D±(ir) = {r]e D(n) | ±m{r}) > 0}. 

Then the map r\ — > —fj is a bijection of D+(jr) onto D_(7r), and there- 
fore, /i(7r, z) can be written as 

/i(t»«)= m(>/){ — r=\ - 

/ — \ z — ri z + rt I 

M<2M 

In particular, for A G K \ {0} we get 

- u / x 2 Rep/) 

/l( ' ) = ",5„ m(,) ReW + (A-Im W r- 

M<2|A| 
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Let C e C°°(R) be such that < C < 1, CO) = for \u\ > 3 and 
£(tt) = 1 for \u\ < 2. Then it follows that 

2|Re(r7)| 



- V ,) 2 + (A-Imfo)) a 

1 77I <2 1 A 



< 

r)GD+(7r) 



V\\ 2|Re(r/)| 



Re(?7) 2 + (A - Im(?7)) 2 ' 
Thus we have proved that for A G K\ {0} the following inequality holds 



(5.10) 



Put 



\f(7r,i\)\< c CIat) 



m(rj) 



2|Re(^)| 
Re(r/) 2 + (A - lm{r]) f 



F(X) :-- 



£ c 

r?eZ)+(7r) 

0, 



M^ m(r?) 

\X\J y /; Re(r7) 2 + (A-Im(77)) 2 



, A^O; 



A = 0. 



Note that ^ D(tt). Therefore, on any finite interval [—a, a], F(X) 
is the sum of finitely many smooth and nonnegative functions. Hence 
.F(A) is a smooth and nonnegative function. We shall now estimate the 
integral of F(u) over a finite interval. Using Proposition [4.2| and the 
properties of (, we obtain 



/ F(u) du < 772(77) 
Jo „an,M Jo 



(5.11) 



r]\<3X 



2|Re(r/)| 
Re(7?) 2 + {u — lm(r]))- 



du 



< 27mp(7T, 3A) 

< C(l + X 2 + A 2 n ) 8m . 
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Let N > 8m + 2 and R > 0. Using integration by parts and ( |5.11| ), we 
obtain 

R F(u)(l+u 2 ) 



-N 



du 



-R 



R 



R 



R 



F(t) dt 

-R 

< C(l + A*) 8 " 1 
<C N (1 + A 2 ) 8m 



[l + R 2 ) 



u 



-N 



2\-N 



du 



'1 + u 



2\8m 



£< 1 + «' 



-N 



du 



Here we have used that by ( |5.11| ) the boundary term is bounded by a 
constant independent of R. Since F > 0, this inequality implies that 
F(u) is integrable with respect to the measure (1 + u 2 )~ N du. Putting 
our estimates together, we obtain the following theorem. 

Theorem 5.3. Let M e C(Mq) and assume that dimaM/&G = 1- Let 
P G V(M) and let m = dimCr(R). For every N > 8m + 2 there exists 
Cn > such that for all tc 6 Il disc (M(A); Kf) the following inequality 
holds 



p\p 



J,iu) 1 -^-rp lP (n,iu) 



[1 + u 



2\-N 



du < C N (1 + A 



2\lSm 



Now suppose that M e C{Mq) is arbitrary. Then we have to consider 
the multidimensional logarithmic derivatives of the normalizing factors 
defined by Arthur in ||A4|| . For this purpose we will use the notion of 
a (G,M) family introduced by Arthur in Section 6 of [ |A5|| . For the 
convenience of the reader we recall the definition of a (G, M) family 
and explain some of its properties. 

For each P £ V(M), let cp(A) be a smooth function on ia* M . Then the 
set 

{c P (A) | P e V{M)} 
is called a (G, M) family if the following holds: Let P, P' E V(M) be 
adjacent parabolic groups and suppose that A belongs to the hyperplane 
spanned by the common wall of the chambers of P and P'. Then 

cp(A) = cp/(A). 

Let 

(5.12) 6 P {\) = vol(a^/Z(A^)) _1 f[ A(a v ), A e ia* P , 
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where Z(Ap) is the lattice in dp generated by the co-roots 

{a v | a G A P }. 

Let {cp(A)} be a (G,M) family. Then by Lemma 6.2 of |[A5|| , the 
function 

(5.13) c A f(A)= ^ cp(A)0p(A)- 1 , 

Pe-P(M) 

which is defined on the complement of a finite set of hyperplanes, ex- 
tends to a smooth function on ia* M . The value of ca/(A) at A = is of 
particular importance in connection with the spectral side of the trace 
formula. It can be computed as follows. Let p = dim(AM/Ao). Set 
A = tA, t G R, A G a* M , and let t tend to 0. Then 

(5.14) c M (0) = i Yl ( l M^Y Cp{tA) ) dp{Arl 

||A5| , (6.5)]. This expression is of course independent of A. 

For any (G, M) family {c P (A) | P G V(M)} and any L G C(M) there 
is associated a natural (G, L) family which is defined as follows. Let 
Q G V(L) and suppose that P C Q. The function 

A G ia^ i— > cp(A) 

depends only on Q. We will denote it by cq(A). Then 

{c Q (A) I Q G P(L)} 

is a (G, L) family. We write 

QeP(L) 

for the corresponding function ( |5.13| ). 

Let Q G V(L) be fixed. If R G P L (M), then Q(i2) is the unique group 
in V{M) such that Q(R) C Q and Q(R) (~) L = R. Let eg be the 
function on ia* M which is defined by 

c rW = CQ(i?)(A). 

Then {cg(A) | R G P L (M)} is an (L, M) family. Let cJ(A) be the 
function ( |5.13|) associated to this (L, M) family. 

We consider now special (G, M) families defined by the global normal- 
izing factors. Fix P G V(M), n G Il disc (M(A)) and A G ia* M . Define 



(5.15) u Q (P, ir, A, A) := r QlP (n, A)- 1 r |p(vr, A + A), Q G V(M). 
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This set of functions is a (G,M) family | A"3 , p. 1317]. It is of a special 
form. Given (3 G £ P fl S^, set 

Tf){iz,z)=rp p \ Pl) {ir,z), zeC. 

Then by ( gjg) we have 

i/ g (P, 7T, A, A) = n r p (7T, A(^ v ))-%(7r, A(/3 V ) + A(/3 V )). 

Suppose that L G C{M), L x G £(L) and S G P(Pi). Let 

{^(P^A^lQiGP^)} 

be the associated (Li,L) family and let (P, it, A, A) be the function 
( |5.13|) defined by this family. Set 

i/f(P,7r,A):=i/f(P,7r,A,0). 

If (3 is any root in Y7{G, A M ), let Pi denote the projection of p y onto 
a/,. If P is a subset of S r (G, Ajy), let P^ be the disjoint union of all 
the vectors PI, P G F. Then by Proposition 7.5 of |[A4|| we have 

,/£(P,M)=£vol(a£7Z(P L v )) 
(5.16) % 

. n^(M(/nr%(7r,A(/n) 

\/3eF 

where P runs over all subsets of S r (Li, A^) such that P/ is a basis of 
a L L \ Let iVGN. Then by flOf ) we get 

/ |^(P,7r,A)|(l+ || A f)^dA < ^vol(a^/^(P L v )) 

Jta* L /a* G F 

■ I J] L(tt, A(/3 v ))- 1 r^(7r, A(/3 V )) (1+ || A f)~ N dX. 
Here P runs over all subsets of S r (Li, Am) such that P/ is a basis of 



a^ 1 . Fix such a subset P. Let 



1 P e P} 



be the basis of (a L x )* which is dual to P L \ We can write A G ia^/ia^ 
as 

X = ^2 z P&p + Ai, Z/3 G iR, Ai G ia* L Jia* G . 



TRACE FORMULA 43 

Observe that A(/? v ) = zp. Suppose that N > 2 &im(A L JA G ) + 2. Then 
there exists > 0, independent of n, such that 



! J] L(7r, A(/3 v ))- 1 r^(7r, A(/3 V )) (1+ || A || a )"" rfA 

<CnT\ [ ^(tt, ^"V^tt, ^) (1 + M 2 )^ 2 tfe/j. 



Combined with Theorem 15.31 we obtain 



Theorem 5.4. Let M G C(M Q ), L G £(M), Li G £(L) and 5 G 
V(Li). Let m = dim.G(W)/K 00 . For every N > 8m + 2 there exists 
Cn > such that 



I 

J ia 



\u s l (p,7t,x)\(i+ ii a \\ 2 )- N d\<c N (i + \i + \y m2 

lia* L /a* G 

for all tt G Il disc (M(A), Kf) and any minimal K^-type a of Ip(n 
6. Absolute convergence of the spectral side 



In this section we prove Theorem p.l| and Theorem |0]2|. For this pur- 
pose we have to study the multidimensional logarithmic derivatives of 
the global intertwining operators that are the main ingredients of the 
spectral side. First we explain the structure of the spectral side in more 
detail. Let M G £(M ). Fix P G V{M) and A G ia* M . For Q G V{M) 
and A G ia* M define 

Wl Q {P, A, A) = Mq|p(A)- 1 Mq| P (A + A). 

Then 

(6.1) {TXq(P, A, A) | A g ia* M , Q G V(M)} 

is a (G, M) family with values in the space of operators on A 2 (P) ||A4j , 
p. 1310]. 

Let L G C(M). Then as above, the (G,M) family (|6.1|) has an associ- 
ated (G, L) family 

{m Ql (P,\,A)\Aeia* L , QieV(L)} 

and 

m L (P,X,A)= ^q 1 (^A,A)^ 1 (A)- 1 
QieV(L) 

extends to a smooth function on ia* L . Put 

m L (p,\) = m L {p,x,o). 
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For s G W(a* M ) let 

M(P,s) = M PlP (s,0). 
The spectral side is a sum of distributions 

on G(A) 1 . By Theorem 8.2 of |[A4|| , the distribution J x can be described 
as follows. Let x e X, 7T G n(M(A) 1 ) and h G C^°(G(A) 1 ). Note 
that 9JIl(P, A) and p X)7r (P, A, /i) both act in the Hilbert space TCp(n) x . 
Let M^ L (aM)re g be the set of elements s G W(<\m) such that {H G 
ttM | sif = if} = Ol. Then J x (/) equals the sum over M G £(M ), 
L G £(Af), 7T G n(M(A) 1 ) and s G W L (a M )r Cg of the product of 

\W M \ |W |- l |det( a -l)^|- 3 



with 



I \V{M)\- 1 tr(m L (P,\)M(P,s)p x ^P,\,h))d\. 

Jial/ia* G PeV(M) 

Our goal is to determine the conditions under which the integral-series 
obtained by summing this expression over \ G X, is absolutely con- 
vergent. Since M(P, s) is unitary, we have to estimate the integral 

(6.2) / || Wt L (P, A)p X)7r (P, A, h) ||i d\ 

Jia* L /ia* G 

where || • ||i denotes the trace norm. 

We shall now assume that h G C 1 (G(A) 1 ). Let N Q \ P (7r, A), P,Q G 
V(M), be the normalized intertwining operator which by ( P-19Q is de- 
fined as 

Nq\ p {7t, A) := r QlP (7i, A) _1 AfQ|p(7r, A), A G a* M>c , 

Let P G V(M) and A G ia* M be fixed. For Q G V(M) and A G icfo 
define 

(6.3) Wq{P, tt, A, A) = iV Q |p(7r, A)- 1 iVQ|p(7r, A + A), 
Then as functions of A G ia* M , 

{m Q (P,K,\,A)\QeV(M)} 
is a (G, M) family. The verification is the same as in the case of the 



unnormalized intertwining operator jAJ, p. 1310]. For L G £(M), let 

{<n Ql (p )7r ,A,A) I Aeial, Qi g P(L)} 
be the associated (G, L) family. 
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Let Wl Ql (P, 7T, A, A) be the restriction of 9Jt Ql (P, A, A) to H p (tt) x . Then 
by (|2T|) and ( gig ) it follows that 

(6.4) 2tt Ql (P, 7r, A, A) = W Ql (P, 7T, A, A)u Ql (P, vr, A, A) 
for all A G ia* L and all Qi G T'(L). 

For Q D P let Lp C Op be the lattice generated by {tl> v | Q G Ap*}. 
Define 

§$(X) = vol^/Lp^ 1 JJ A(£ v ). 

For 5 G JF(L) put 
%(P,ir,\) 

(6.5) =]im ^ (-l) dim ( A sM«)^|(A)- 1 fnp(P,7r,A,A)0p(A)- 1 . 

^ {i?|i?D5} 

Let 9JI l (P,tt,A) be the restriction of Tt L (P,X) to H P (n) x . Then by 
Lemma 6.3 of |[A5|| we have 

(6.6) Wl L (P,n,X) = %(P,K,Xy L (P,7T,\). 

SeT(L) 

Hence the integral ( |6.2[) can be estimated by 

^ / ||^(P,7r,A)p x ^(P,A,/ i )|| 1 |z/f(P,7r,A)|rfA. 

We shall now study the integral in more detail. Let Q and Qk be the 
Casimir operators of G(M.) and respectively. Set 

A = ld-Q + 2Q K . 

Then A acts on A X% {P) through each of the representations p x>7r (P, A). 
Let Kf be an open compact subgroup of G(Af) and let a G II^oo). 
Then the operators 

p x , n (P, X, A), AGiap, 

have A X 7T (P)K f and ^4 X _ n (P)K fl <r as invariant subspaces. We shall de- 
note the restriction of p X)7 r(P, A, A) to A\ i: {P)k s and A X7T (P)K f ,a, re- 
spectively, by p Xj7r (P, A, A)x . and p X)7r (P, A, A)x /)CT , respectively. Recall 
that by (|2.3p, p Xj7r (P, A) is equivalent to ip(7T\) ® Id. Let A„- and X a de- 
note the Casimir eigenvalues of tt^ and a, respectively. Then it follows 
from Proposition 8.22 of [[Kn|1 that 

(6.7) p Xj7r (P, A, A) Kft0 = (1+ || A f A^ + 2A CT ) Id. 
To estimate the right hand side we use the following lemma. 
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Lemma 6.1. For all n G II disc (M(A) 1 ; Kf) and a G II^oo), one has 
(6.8) -A, + A CT >0, if dimAl(P) Kf ,„^{0}. 

Proof. The lemma is a consequence of a more general result. Let G 
n(M(R)) and suppose that a G n(i£oo) occurs in IpL* , (tTocOIkoo- Let 

7r oo|_ft: 00 nAf(R) = n>u&- 
QjenfXoonMfi)) 

Then 

^en(K OQ nM(R)) 



Krij p. 208]. Hence there exists u G n(i ; C 00 n M(R)) such that 
Hx^nA^R) : > and [7r 00 |x 00 nAf(R) : u>] > 0. 

By ||Mu2| , (5.15)], the first condition implies that the Casimir eigenval- 
ues A w of us and A CT of a satisfy A w < A CToo . On the other hand, since uj 



occurs in ffoolK^nMnL) it follows that — A^ + A w > ||DH| , Lemma 2.6]. 



This completes the proof. □ 

Using Q677D and Q6.8{), it follows that 

|| p Xi7r (P,A,A) X/ , CT || 2 > (1+ || A ||) 2 + (-A^ + 2A CT ) 2 

(6.9) 1 

>^(1+I|A|| 2 +A 2 +A 2 ). 

Let S G T{L) be fixed. Given an open compact subgroup Kf of 
G(Af) and a G Il^oo), let 0t^(P, 7r, A)^. iCT denote the restriction of 
W s (P,7r,A)to^( P )^ )(T . 

Lemma 6.2. Lei Kf be an open compact subgroup of G(Af) and let 
h G C 1 (G(A) 1 ) be bi-invariant under Kf. Suppose that there exist 
jVgN and C > such that 



2\N 



(6.10) || m' s (P,ir,\) Kf>a ||< C(l+ || A f +A 2 + A 2 

/or a// 7T G il disc (M(A), -KT/), cr G U.(Koo) and A G ia£. Then for every 
k G N t/iere exzsfo > swc/i that 

[ || er s (P, 7T, A)p Xi7r (P, A, /i) ||i |z/£(P, 7T, A)| dA < C fc (l + A.)- fe 
for allx^X and tt G n(M(A) 1 ). 
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Proof. Since h is bi-invariant under Kf, p XjVr (P, A, h) maps the Hilbert 

2 2 2 

space (P) into the subspace A X7T {P)K r Moreover A x ^{P)K f is 
an invariant subspace for p Xi7r (P, A, h). Hence p Xi7r (P, A, h) = 0, unless 
tt belongs to n disc (M(A), So we may assume that tt belongs to 

IT disc (M(A), Kf). Then for each keNwe get 



(6.11) 



%(P,7l,\)p X!7T (P,\,h) ||i 

= 11 ^s( p >^> -^.p^P, A, /i)a7 ||l 
<||Da / s (P,7r,A)A / p x , 7r (P,A ) A 2fc ) A . 1 / Id 

2fcj 



2fc\-l 



• || p x ,ir(P, A, A /l) 

Furthermore, using ( |6.9| ) and ( |6.10| ) we get 

|| 9^(P )7r ,A) K/ p x ,,(P,A,A 2fc )^ ||! 

< ]T || %(P, it, X) Kf>a || ■ || p Xi7r (P, A, A 2fc 
(6.12) am(K x ) 

By Lemma 6.1 of ||Mu3|| there exist C\ > and iVi G N such that 
dim A x (P) Kf ,„ < Cx(l + A 2 + A 2 ) 7 ^ 



for all x G X and cr G n^oo). Actually in ||Mu3|| we considered the 
space A 2 (P,x,o~), where a is an irreducible representation of K. The 
two spaces are not equal, but they are closely related. Moreover A x 
was denoted by p x in ||Mu3|| . If A 2 j7r (P) 7^ 0, it follows from Lang- 
lands' construction of A X (P) in terms of iterated residues of cuspidal 
Eisenstein series that 

(6.13) |A X -A^|<c 

Hence there 



with c > independent of x an d tt (see (4.21) of ||Mu3|| ) 
exist C 2 > and Ni G N such that 

(6.14) dim A 2 Xt7T (P) Kf ,a < C 2 (l + A 2 + A 2 ) Wl 

for all x e X, vr G n disc (M(A), Kf) and a G n(K 00 ). Set 

N 2 = ^(N + N 1 ). 
Now observe that there exists n G N such that 

^ (l + A CT )-"<oo. 



WERNER MULLER 



the right hand side is finite for n > n . Let A„- be the number defined by 
fl£5Q . Then by (fTTJ) and (gTJ ) it follows that for every k>2(n + N 2 ) 
there exists Cfc > such that 



%(P,7T,X) KfPx ^P,X,A 



4k\-l 
>K f 



(6.15) 



2\N 2 -k 



<C k (l+ || A f+A 
< C fc (l+ || A || 2 )(^-W2( 1+A 2)(Ar 2 - fe )/2 



for all 7r G Il disc (M(A), Ify) and x £ Next observe that for A G ia£ 
the operator p Xj7r (P, A, (7) is unitary Hence it follows that 



(6.16) 



p x ^(P,A,A 4fe /i) \\<\\ A ik h || il(G(A)1) 



for all vr G n disc (M(A), if/) and x G X. Combing (gUP , (16151) and 
(|6.16|) , it follows that for every n G N there exists C n > such that 

|| ^ / 5 (P,7r,A) Px , 7r (P,A,/ i ) ||x< C n (l+ || A || 2 )-"(1+A^)-" 



for all x G j£ an d vr G n disc (M(A), i^). Combined with Theorem [5^ 
the claimed estimation of the integral follows. □ 



Proof of Theorem \0. 1\ : Let h G C 1 (G(A) 1 ) be bi-invariant under Kf. As 
observed in the proof of Lemma |5~^| , it follows that p XjVr (P, A, h) = 0, 
unless vr G n disc (M(A), if/). Let L 2 diac (M(Q)A P (R)°\M(A)) be the 
largest closed subspace of the Hilbert space L 2 (M(Q)A P (M)°\M(A)) 
which decomposes discretely under the regular representation of M(A). 
Then 

LlJM(Q)A P (R)°\M(A)) = m(ir)?U, 

7ren(A/(A)) 

and each multiplicity 171(71) is finite. Thus, if the assumption ( p.lOj ) of 
Lemma |6.2| is satisfied, it follows from Lemma ^]2| that for every nGN 
there exists C n > such that 

(6.17) 

E E / ||5r s (P,7r,AK w (P,A,/i)||i|i/f(P,7r,A)|dA 
It remains to investigate the sum on the right hand side. Let 



K MJ = K f nM(A f ). 
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Then there exist arithmetic subgroups rV,« C M(R), z = 1, such 
that 

i 

M(Q)\M(A)/K MJ |J(r M) AM(R)) 

i=l 

(cf. Section 9 of |[Mul|| ). Therefore we get 

L 2 {A M {R)°M{Q)\M{A)) K ^f 

(6 ' 18) = 0L 2 (AM(ffi)°r M ,AM(K)) 

i=i 

as M(M)-modules. For each i, i = 1, let L| sc (A P (R) r M)i \M(R)) 
be the discrete subspace of the regular representation of M(R) in 
L 2 (Ap(R)°T M ,i\M(R)). Then it follows from (gUp that 

LL(^pW°M(Q)\M(A))^/ 
(6 19) ' 

= 0^L(^W o r M AM(M)) 

8=1 

as M(R) modules. For i, 1 < i < I, and ttoo G II(M(R)) denote by 
^r Mi (7i"oo) the multiplicity of tTqo in the regular representation of M(R) 
in 4 sc (A P (R)°r M)i \M(R)). Then by (|TJ) we get 

(6.20) , 

<E E m r M , i (7Too)(l+A 7 r 00 )-" 

»=i 7r 00 en(M(R)) 

Let a G HlKoo) be a minimal -fC^-type occurring in Ipijtoo) with 
Casimir eigenvalue A CT . Let if M ,oo = MiR) n K^. By (5.15) of |Mu2] 
we have that A CT > A T for any irreducible constituent r G n(i^ M oo ) of 
&oo\Km,oo- Thus the right hand side of fl6.20| ) is bounded by 

V- V- V- / ,dim(^(7r 00 )®K) i " M - 

1^1^ 2_> m r M A n °°) n+A 2 + A 2 W 2 ' 

i=i ren(A' M ,oo) 7r 00 en(M(R)) v n °° T > 

By Corollary 0.3 of |Mu2j1 this sum is finite for n sufficiently large. 
Thus we proved 

Proposition 6.3. Let Kf be an open compact subgroup of G(Af) and 
let h G C 1 (G(A) 1 ) be bi-invariant under Kf. Suppose that there exist 
jVgN and C > such that 



(6.21) || %(P,ir,X) KltlT ||< C(l+ || A || 2 +A 2 + A 2 ) 



2\N 
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for all tt G II disc (M(A), Kf), a G ^(K^) and A G ia* L . Then 

(6.22) S / || 3Jl L (P, A)p Xi7r (P, A, /i) IK dA<oo 



XGX 7 rgn(M(A) 1 ) 



Let h G C 1 (G(A) 1 ). Then there exists an open compact subgroup Kf 
of G(Af) such that h is bi-invariant under Kf. Using the observations 
made at the beginning of this section, it follows that ( |6.22j ) implies that 
the spectral side of the trace formula is absolutely convergent. 

We shall now continue by investigating condition ( |6.21j ) in detail. To 
calculate %(P, tt, A), let A G ia* M . By [E5|, p.37] W 5 (P, tt, A) equals 

^' {R|i?D5} V V / / 

where g = dim(y4 5 /y4 R ). Since A^q|p(7t, A) is unitary for A G ia^, it 
follows from (16.31) that we have to estimate the norm of 



d 



i 



(6.23) l ^\T t ) N Ql p(7r,X + tA) a , Xeia* M . 

To this end, we may use ( |2.16| ) and (|2.17|) to replace Nq\ p (tc, A) by 

Rq\p(tc, A) = ® v Rq\p{tt v , A). 

Next note that any compact open subgroup Kf = Y[ v <oo ^ v of G(Af) 
is such that K v is a hyperspecial compact subgroup for almost all v. 
Hence, by (P-llj) there exists a finite set of places So, including the 
Archimedean one, such that we have 

Rq\p(k v , X) Kv = Id, v i S , 7i G n disc (M(A), Kf). 

Let Pa denote the directional derivative on ia* M in the direction of A. 
Then it follows that there exists C > such that 

\\%(P,7r,X) Kf , a \\<c( J2 Ell^R Q |p(^,AkJI 
/ 6 24) \ves \{oo} k=i 

q 



+ E I' D A R Q\p( n oo, A)<j 



fc=l 



for all A G ia^, a G Il(A' 0O ) and 7r G I1(M(A)). Together with Propo- 
sition p.3| this implies Theorem |U~1 . 

□ 



Proof of Theorem (Li: The proof of Theorem |0.2j is similar to the 
proof of Theorem p.l| . We only have to modify some of the arguments. 
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Given an open compact subgroup Kf of G(Af) and a G II^oo), let 

2 

N-K f ,a denote the orthogonal projection of the Hilbert space A X7T (P) 
onto the finite dimensional subspace A xn (P)K f ,a- Let h G C 1 (G(A) 1 ) 
be i^-finite. Then there exists an open compact subgroup Kf of G(Af) 
such that h is left and right invariant under Kf. Furthermore, there 
exist oi, a m G 11(^00) such that 

m 

(6.25) PxA P > = H-K f ,<Ti PxA P i \ h ) ° ^Kf,aj 

for all vr G n(M(A) 1 ) and X e X. Let jfe G N. Then by ( |Q5| ) we get 
|| 9^(P,7r,A)p x ^(P,A,/i) ||i 

(6.26) < £ || %(P,«,\) Kf „ II ■ II P X ,.(P,A, A^)^.^ ||i 

1=1 

• || ^(P.A^ 2 ^) || . 

Here we assume, of course, that A 2 x , k (P)k j ,c H 7^ 0, i = l,...,m. Then 
it follows from (6.9) that 

(6.27) 11 PxA p,\ ± 2 %)„ h< c'^f^TW 

for % — 1, ...,m. Given G LT^/Co), let 

n disc (M(A) 1 ) K/iCT 

= {vr G n disc (M(A) 1 ;K / ) | [1^(^)1^ : 0] > 0}. 

Then we proceed as above to show that for every n G PJ there exists 
C n > such that 

(6.28) 

EX) / ||^(P,7r,A)p X)7r (P,A,/i)||i|z/!(P,7r,A)|dA 

m 

<C n J2 E m(7r)(l+A^)^ 
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To estimate the right hand side, we fix a E II(K 00 ). Then as in ( |6.20| ) 

we get 



E 



m 7r 



1 + A*)« 

I 



Ten disc (M(A) 1 ) K/1 



m r Mji (7roo) 



dim(7t:(7r 00 ) <g> V^)^-- 



(1 + A 2 )" 

It follows from Theorem 0.1 of | |Mul| ] that for sufficiently large n, this 
series is convergent. This completes the proof of Theorem p.2| . 

□ 

We observe that for tempered representations, the existence of esti- 
mates like (CL2"), ( p.3| ) and ( |0.4j ) follows from results of Arthur |X5 



p. 51] and ||A8| , Lemma 2.1]. Let II tBmp (M(A) 1 ) be the subspace of all 7r 
in I1(M(A) 1 ) such that the local constituents tt v of ir are tempered for 
all v . Then we obtain 

Proposition 6.4. For every M E C(M ), L E C{M) and P E V{M) 
we have 

Yl [ \\m{p,7T,\)p x>n {p,x,h)\\ 1 d\<oo. 

X6X7ren temp (M(A) 1 )"' ia i/ ia G 

7. The example of GL n 

In this section we shall briefly discuss the case where G = GL„. Let Pq 
be the subgroup of upper triangular matrices of G. This is the minimal 
standard parabolic subgroup of G. Its Levi subgroup M is the group 
of diagonal matrices. Let P be a parabolic subgroup of G defined over 
Q, and let M be the unique Levi component of P which contains Mq. 
Then 

M = GL ni x • • • x GL n „ . 

We shall identify Ojif with W. Let ei, ...,e r denote the standard basis 
of (R r )*. Then the roots Ep are given by 

Ep = {ei - ej | 1 < i < j < r}. 

Let v be a place of Q. Fix a nontrivial continuous character ip v of the 
additive group of Q v and equip Q v with the Haar measure which is 
self dual with respect to if> v . Given irreducible unitary representations 
7r 1>v and 7r 2it) of GL ni (Q„) and GL n2 (Q„), respectively, let L(s, 
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and e(s,7Ti jV x tt 2jV ,i/) v ) denote the Rankin- Selberg L-factor and the e- 
factor defined by Jacquet, Piateski-Shapiro, and Shalika ||JPS|| , ||JS1|| . 

Let Pi, Pa G V(M). Then there exist permutations 01,02 G SV such 
that the set of roots of (Pi, A*) is given by 

S Pfe = {ei - ej I o- fc (z) < o-fe(i)}. 

Put 

1(0-1,0-2) = I 1 < i, j < r, 01 (i) < ax(j),<r 2 (i) > 02 (j)}- 

Then 

S Pl n Sp 2 = {d - ej I (z, j) G /(01, 2 )}. 

Let tt v = 7Ti )t) <8> • • • ® 7r r)V , where 7Ti (V G II(GL nj (Q v )), i = 1, r. Given 
s = (si, s r ) G C r , set 

r P 2 |Pi(^ ; s ) : = 

-L(Sj Sj, 7ti jV X 7Tj )t) ) 



n 



L(l + Sj — S,-, TTj^ X TCj v )e{Si — Sj, Tti v X 7Tj v , 1p v ) 



As explained in [£C, p-87], the meromorphic functions rp 2 |p 1 (7T, s) sat- 



isfy all the properties of Theorem 2.1 of ||A7|| and they are the natural 
choice of normalizing factors in the case of GL n . We note that they do 
not coincide with the normalizing factors used in the previous sections. 
They differ, however, only by a factor which can be expressed in terms 
of the e-factors. 

Now let 7Ti and 7T2 be automorphic representations of GL ni (A) and 
GL n2 (A), respectively. Then the global Rankin-Selberg L-function 
L(s, 7Ti x 7r 2 ) is defined by 

L(s,7Ti X 7T 2 ) = JJ 7T 1>t , X 7T 2>V ), 

V 

where the product is over all places v of Q and 7r, = ®iiTi jV . The product 
converges absolutely in a half-plane Re(s) 3> 0. If it\ and ir 2 belong 
to the discrete spectrum of GL ni (A) and GL„ 2 (A), respectively, then 
L(s, 7ri x 712) admits a meromorphic extension to the whole complex 
plane. 

To define the global e-f actor e(s, 7Ti x 7r 2 ) one has to pick a non-trivial 
continuous character ip : A + — > C x of the additive group A + of A. 
Then ijj = ® v ip v and e(s, iri jV x ir 2 ,v,i>v) = 1 for almost all places t>. 
Hence the product 

e(s,7Ti x n 2 ,ip) = JJe(>,7r M x ir 2 , ,ip v ) 
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exists for all s G C and defines an entire function. The global e-factor 
is independent of ip and therefore, will be denoted by e(s, n 1 x 7r 2 ). 

Let it G n disc (M(A)). Then ir = 7Ti ® • • • ® 7r r with 7T* G II disc (GL ni (A)) 
and for s G C r , the global normalizing factor is defined by 

^ / \ TT M s i — Sj; 71 "^ x 7Tj) 

P2 ' Pl ' ' ,. s A ^ H 1 + S i~ S j, Hi X Kj)e(Si - Sj, 7Tj X TTj) ' 



Theorem |5.3| is closely related to the estimation of the winding numbers 

• A 27(1+^,711 x?F 2 ) ^ 

L(l + it,7Tx x 7r 2 ) 

with upper bounds depending on the Casimir eigenvalues of 7r l oo and 
7t2,oo in the same way as in Theorem [5.3|. In the present case, such 



estimates can be obtained using standard methods of analytic number 
theory. In fact, the bounds can be improved considerably. 

Next we discuss the conditions (|0.2|) and ( P-4|) . As mentioned in the in- 
troduction, for GL n it is possible to prove that (|0.2|) and (|0.4j) hold. We 
shall briefly indicate the main steps of the proof. Let p be a representa- 
tion of GL TO (Q 1) ) and s G C. Then we denote by p[s] the representation 
of GL m (Q„) defined by 

p[s](g) = I det^| s p(^), 9 e GL m (Q„). 

Let 7r be a cuspidal automorphic representation of GL m (A). Then it is 
known that each local component tc v of tt is generic [^jk|J and therefore, 
by |JS2| it follows that n v is equivalent to a full induced representation, 
i.e., 

(7.1) n v = I% Lm (Tx[t 1 ]®---®T r [t r ]), 

where P is a standard parabolic subgroup of GL m with Levi component 
GL mi x ■ • • x GL mr , Ti is a tempered representation of GL m . (Q v ) and 
the ti's are real numbers satisfying 

h > t 2 > ■ ■ • > t r , \ti\ < 1/2, % = 1, r. 

For tt v unramified, Luo, Rudnick and Sarnak ||LRS|| proved that the 
parameters tj satisfy the following nontrivial bound: 

. , . , 1 1 

(7.2) max |£j| < - 



2 m 2 + 1 ' 

Using the same method, one can show that (|77|) holds at all places. 
Now let P be a standard parabolic subgroup of GL„ with Levi compo- 
nent GL ni x • • -xGL nr and let ir v be the local w-component of a cuspidal 
automorphic representation of M(A). Then ir v = ®iiZi yV and each n iiV 
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is a full induced representation of the form (|7.1|) with parameters Uj 
satisfying ( |7.2| ). Using induction in stages, it follows that for each i 
there exist a parabolic subgroup Ri of GL n .(Q v ) of type (iin, n^J, a 
discrete series representation 8 itV of M R . (Q v ) and tj = (tn, ■■■,tu i ) G E'' 
satisfying 

(7.3) max |^-| < ^ — 



2 + 



such that m tV = I Ri (5i tV} tj). Put I = l\ + • • • + Z r , 

5 V = §§i8i jV , t = (tn, •••) tlli ) •••) ^rlj •••> trlr)- 



Generalizing property (R.2) of ||A8| , p. 172], we get 

(7.4) R QI p(tt v ,s) = R Q{R)lP{R) (5 v ,s + t), seC 1 , 

where s is identified with an element in C ; with respect to the embed- 
ding which corresponds to the canonical embedding a* M C a* P ( R y This 
leads to an immediate reduction of the problem. We can assume that 
tt v is square integrable. However, now we have to estimate the norm of 
the derivatives of Rq\p(tt v ,s)k v (resp. Rq\p(it v , s) av ) in the domain 

{s e C | | Re(s € ) j < 1/2- l/(n 2 + 1), i = l,...,r}. 

The important point is that for 7r„ square integrable, Rq\p(tt v ,s) is 
holomorphic in the domain 

{s e C | Re(s, - Sj ) > -1, 1 < i < j < r} 



MW|| . Using the product formula for normalized intertwining opera- 
tors, the above problem can be further reduced to the case where P 
is maximal parabolic and Q = P. Then M = GL ni x GL n2 , n v = 
^i,v ® t^2,v, and we may regard the intertwining operator as a function 
Rp\p(n v , s) of one complex variable. Now we distinguish two cases. 

1. V < oo. 

Let K v C GL n (Q„) be an open compact subgroup. We may assume 
that K v is a congruence subgroup. Then we have to estimate the norm 
of derivatives of Rp\ p (ii v , s)k v in the strip | Re(s)| < 1 — 2/{n 2 + 1). 
Let 

K M , V = K v nM(Q v ). 

Then Km,v is an open compact subgroup of M(Q V ). Let 1 denote the 
trivial representation of Km, v and let Ll2(M(Q„); Km, v ) be the set of all 
E n 2 (M(Q„)) such that [n v \ KMv : 1] > 0. By Theorem 10 of flFTC2" 



7T 
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H 2 (M(Q V ); Km,v) is a compact subset of n 2 (M(Q„)). Furthermore, 
a* M = R 2 acts on U 2 (M(Q V )) by 

7Tl,K ®7T2,« !->■ 7Ti )t ,[mi] ® 7T 2i „ [m 2 ] , W2) G 

The stabilizer of a given representation tt v is a lattice L C i 2 so that 
the orbit o Tv of ir v is a compact torus IR 2 /L. Thus there exist Si, 5i G 
n 2 (M(Q v );K M , v ) such that 

U 2 (M(Q v y,K M:V ) = o Sl U---Uo 5l . 

Since 

Rp\ P {iri,v[iui] <g> 7r 2j „[m 2 ], s) = R P \ P {ir hv <g> 7r 2 ,„, s + + u 2 )), 

it suffices to consider a fixed discrete series representation ir v . Now 
recall that Rp< p (7r v ,s) is holomorphic in the strip |Re(s)| < 1. Fur- 
thermore by Theorem 2.1 of |]A7U , i2pip(7r v , s)x c is a finite rank matrix 
whose entries are rational functions of p~ s . Hence for every u G R, 
i?P|p(7Ti;, w + iw)fc v is a periodic function of w G R. From these obser- 
vations it follows immediately that for every k G No there exists C > 
such that 

(7.5) \\D k s R v ^s) Kv \\<C 

for all s G C in the strip | Re(s)| < 1 - 2/(n 2 + 1). 
2. t> = oo. 

Let a v G 11(0 (n)). Then we have to estimate the norm of derivatives 
of Rp\ P (TT v , s) av in the strip | Re(s)| < 1 — 2/(n 2 + 1). First note that 



M(R) £ (R*) x (SL ni (R) x SL 



no 



Furthermore the set of discrete series representations of SL nj (R) con- 
taining a fixed SO(rij)-type is finite ||Wa2| , p. 398]. Hence in the same 
way as above, it follows that we can fix the discrete series representa- 
tion ir v . Again R p ^ p (ti v , s) is holomorphic in the strip | Re(s)| < 1 and 
by Theorem 2.1 of ||A7|| , R p , p (ir v , s) Uv is a rational function of s G C. 
This implies that for every k G No there exist C > and iV G N such 
that 

(7.6) \\D k s R P \ P {<K v ,s) av \\<C{l + \s\) N 

for all s G C with | Re(s)| < 1 - 2/(n 2 + 1). 

Combining ( |7.5|) and Q7.6Q with the various steps of the reduction it 
follows that (p.2|) and ([O]) hold for all local components n v of cuspidal 
automorphic representations. 
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It remains to deal with local components of automorphic forms in the 
residual spectrum. For this purpose we use the description of the resid- 
ual spectrum given by Mceglin and Waldspurger [|MW|| . First we recall 



the notion of a Speh representation ||MW| , 1.5]. Let k\m } d = m/k 
and R a standard parabolic subgroup of GL m of type (d,...,d). Let 
5 be a discrete series representation of GLd(Q„). Then the induced 
representation 

lf" m {5[{k - l)/2] <g> S[(k - 3)/2 ® • • • <g> 6[{1 - k)/2\) 

has a unique irreducible quotient which we denote by J (8, k). It follows 
from Theorem D of [[Hi and ||Vo|| that for every ir v G n(GL m (Q„)) 
there exist a standard parabolic subgroup P of type (m l5 m r ), k^rrii, 
discrete series representations 5i of GL rf .(Q„), di = rrii/k^ and real 
numbers ti, ...,t r satisfying \ti\ < 1/2 such that 

7l v ^ I^ Lm (J(6x, <g> • • • ® J(<? n k r )[t r ]). 

Now suppose that 7ft, is a local component of an automorphic represen- 
tation 7T in the residual spectrum of GL m (A). By [|MW|1 there exist a 



standard parabolic subgroup Q of GL m of type (d, d) and a cuspidal 
automorphic representation fi of GLd(A) such that n v is the unique 
irreducible quotient of the induced representation 

I§ Lm Mk - l)/2] ® ^[(A; - 3)/2] ® • • - ® ^[(1 - fc)/2]), 

where /i^ is the t>-component of ji. As explained above, fi v is equiva- 
lent to an induced representation of the form (7J.) with parameters t« 



satisfying (|7.2j ). Using induction in stages, it follows that 
fi v 2iI% Ld (5 1 [ti]®---®6 r [t r ]), 

where R is a standard parabolic subgroup of GL^ of type (dx, ■■■,d r ), 
5i is a discrete series representations of GLd i (Q v ), i = 1, ...,t, and the 
parameters ti satisfy ti > t 2 > ■ ■ ■ > t r and ( |7.2| ). Then it follows 
from Proposition 1.9 and Lemma 1.8 of |MW ] that there is a standard 



parabolic subgroup P of GL m of type (kdx, kd r ) such that 

(7.7) tt v J^ Lm (J(5i, fc)[ti] ® • • • ® J(5 r , fc)[t r ]) 
and 

. . 1 1 

(7.8) max |tj| < 



2 m 2 + 1 ' 

This is the extension of the results of [ |LRS|| to local components of 



automorphic representations in the discrete spectrum. 

Now we can proceed in the same way as in the cuspidal case. The 
only difference is that we have to deal with the slightly more general 
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Speh representations in place of the discrete series representations. In 
this way one can establish (p.2| ) and ( p.4| ). This implies that for GL n 
the spectral side of the Arthur trace formula is absolutely convergent. 
Details will appear in |MS| . 



References 

[Al] J. Arthur, Eisenstein series and the trace formula, Proc. Sympos. Pure 

Math., 33, Part I, Amer. Math. Soc, Providence, R.I. (1979), 253-274. 
[A2] J. Arthur, A trace formula for reductive groups I: terms associated to 

classes in G(Q), Duke. Math. J. 45 (1978), 911-952. 
[A3] J. Arthur, On a family of distributions obtained from Eisenstein series I: 

Applications of the Paley-Wiener theorem, Amer. J. Math. 104 (1982), 

1243-1288. 

[A4] J. Arthur, On a family of distributions obtained from Eisenstein series II: 
Explicit formulas, Amer. J. Math. 104 (1982), 1289-1336. 

[A5] J. Arthur, The trace formula in invariant form, Annals of Math. 114 
(1981), 1-74. 

[A6] J. Arthur, The invariant trace formula. II. Global theory, J. Amer. Math. 

Society 1 (1988), 501-554. 
[A7] J. Arthur, Intertwining operators and residues. I. Weighted characters, J. 

Funct. Analysis 84 (1989), 19-84. 
[A8] J. Arthur, On the Fourier transforms of weighted orbital integrals, J. reine 

angew. Math. 452 (1994), 163-217. 
[AC] J. Arthur and L. Clozel, Simple algebras, base change, and the advanced 

theory of the trace formula, Annals Math. Studies 120, Princeton Univ. 

Press, Princeton, NJ, 1989. 
[BW] A. Borel and N. Wallach, Continuous cohomology, discrete subgroups, and 

representations of reductive groups, Annals of Math. Stud. 94, Princeton 

Univ. Press, 1980. 

[CLL] L. Clozel, J. P. Labesse, and R. Langlands, Morning seminar on the trace 
formula, mimeoraphed notes, IAS, Princeton, 1984. 

[DH] A. Deitmar and W. Hoffmann, On limit multiplicities for spaces of auto- 
morphic forms, Canad. J. Math. 51 (1999), 952-976. 

[GS] S. Gelbart and F. Shahidi, Boundedness of automorphic L-functions in 
vertical strips, J. Amer. Math. Soc. 14 (2001), 79-107. 

[HC1] Harish-Chandra, Automorphic forms on semi-simple Lie groups, Lecture 
Notes in Math. 62, Springer- Verlag, Berlin-Heidelberg-New York, 1968. 

[HC2] Harish-Chandra, The Plancherel formula for reductive p-adic groups, In: 
Collected papers, IV, pp. 353-367, Springer- Verlag, New York-Berlin- 
Heidelberg, 1984. 

[HC3] Harish-Chandra, Harmonic analysis on reductive p-adic groups, Proc. 
Sympos. Pure Math., Vol. 26, A.M.S., Providence, R.I. (1974), 167-192. 

[JPS] H. Jacquet, I.I. Piatetski-Shapiro, and J. A. Shalika, Rankin- Selberg convo- 
lutions, Amer. J. Math. 105 (1983), 367-464. 

[JS1] H. Jacquet and J. A. Shalika, Rankin- Selberg convolutions: Archimedean 
theory, in: Festschrift in Honor of I.I. Piatetski-Shapiro on the occasion of 



TRACE FORMULA 



59 



his sixtieth birthday, Israel Math. Conf. Proc. 2, Weizmann, Jerusalem, 
1990, 125-208. 

[JS2] H. Jacquet, J. A. Shalika, The Whittaker models of induced representations, 
Pacific J. Math. 109 (1983), 107-120. 

[Kn] A.W. Knapp, Representation theory of semisimple groups, Princeton Uni- 
versity Press, Princeton, New Jersey 1986. 

[KS] A.W. Knapp and E.M. Stein, Intertwining operators for semisimple Lie 
groups, II, Invcntiones math. 60 (1980), 9-84. 

[Lb] J. -P. Labesse, Noninvariant base change identities, Mem. Soc. Math. 
France (N.S.), 61. 

[LI] R.P. Langlands, On the functional equations satisfied by Eisenstein se- 
ries, Lecture Notes in Math. 544, Springer- Verlag, Berlin-Heidelberg- 
New York, 1976. 

[L2] R.P. Langlands, Eisenstein series, in: "Algebraic Groups and Discontinous 
Subgroups", Proc. Symp. Pure Math. Vol. 9, A. M. S., Providence, R.I., 
1966, pp. 235-252. 

[L3] R.P. Langlands, On the classification of irreducible representations of 
real algebraic groups, in: "Representation Theory and Harmonic Analy- 
sis on Semisimple Lie Groups", Mathematical Surveys and Monographs 
31, Amer. Math. Soc. 1989, pp. 101-170. 

[MW] C. Mocglin et J.-L. Waldspurger, Le spectre residuel de GL(n), Ann. scient. 
Ec. Norm. Sup., 4 e serie, t. 22 (1989), 605-674. 

[LRS] W. Luo, Z. Rudnick, and P. Sarnak, On the generalized Ramanujan con- 
jecture for GL(n). Proc. Symp. Pure Math. 66, Vol. II, pp. 301-310, Amer. 
Math. Soc, Providence, Rhode Island, 1999. 

[Mul] W. Miiller, The trace class conjecture in the theory of automorphic forms, 
Annals of Math. 130 (1989), 473-529. 

[Mu2] W. Miiller, The trace class conjecture in the theory of automorphic forms. 
II, Gcom. Funct. Analysis 8 (1998), 315-355. 

[Mu3] W. Miiller, On the singularities of residual intertwining operators, Geom. 
funct. anal. 10 (2000), 1118-1170. 

[MS] W. Miiller and B. Spch, Absolute convergence of the spectral side of the 
Arthur trace formula for GL„, Preprint, 2002. 

[Se] A. Selberg, Harmonic analysis, in "Collected Papers", Vol. I, Springer- 
Verlag, Berlin-Heidelberg-New York (1989), 626-674. 

[Shi] F. Shahidi, On certain L-functions, Amer. J. Math. 103 (1981), 297-356. 

[Sh2] F. Shahidi, Local coefficients and normalization of intertwining operators 
for GL(n), Comp. Math. 48 (1983), 271-295. 

[Sh3] F. Shahidi, Local coefficients as Artin factors for real groups, Duke Math. 
J. 52 (1985), 973-1007. 

[Sh4] F. Shahidi, A proof of Langlands' conjecture on Plancherel measures; Com- 
plementary series for p-adic groups, Annals Math. 132 (1990), 273-330. 

[Sk] J. A. Shalika, The multiplicity one theorem for GL„, Annals Math. 100 
(1974), 171-193. 

[Sil] A. Silberger, Special representations of reductive p-adic groups are not in- 
tegrate, Annals Math. Ill (1980), 571-587. 

[Si2] A. Silberger, On Harish- Chandra's /i-function for p-adic groups, Trans. 
Amer. Math. Soc. 260 (1980), 113-121. 



60 



WERNER MULLER 



[Si3] A. Silberger, The Langlands quotient theorem for p-adic groups, Math. 
Ann. 236 (1978), 95-104. 

[Ta] M. Tadic, Classification of unitary representations in irreducible repre- 
sentations of general linear group (non- Archimedean case). Ann. Sci. cole 
Norm. Sup. (4) 19 (1986), 335-382. 

[Vo] D.B. Vogan, The unitary dual of GL(n) over an Archimedean field, Inven- 
tiones math. 83 (1986), 449-505. 

[VW] D.B. Vogan, Jr. and N.R. Wallach, Intertwining operators for real reductive 
Lie groups, Advances in Math. 82 (1990), 203-243. 

[Wa2] G. Warner, Harmonic analysis on semi-simple Lie groups II, Springcr- 
Verlag, Bcrlin-Heidelberg-New York, 1972 

[Wh] E.T. Whithaker and G.N. Watson, A course of modern analysis, Cam- 
bridge, University Press, 4th edition, 1940. 

Universitat Bonn, Mathematisches Institut, Beringstrasse 1, D - 53115 
Bonn, Germany 

E-mail address: mueller@math.uni-bonn.de 



